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Abstract 

In this paper we consider a class of differential equations with state-dependent delays. 
We show first and second-order differentiability of the solution with respect to parameters 
in a pointwise sense and also using the C-norm on the state-space, assuming that the state- 
dependent time lag function is piecewise strictly monotone. 
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1 Introduction 

In this paper we study the SD-DDE 

i(t) = f(t,x t ,x(t-T(t,x t ,O),0), te[0,T], (1.1) 
and the corresponding initial condition 

x(t) = <p(t), t€[-r,0]. (1.2) 

Let O and 3 be normed linear spaces with norms | • |e an d | • |s, respectively, and suppose 
9 € G and £ £ S. Here we consider the initial function (p, 9 and £ as parameters in the 
IVP (1.1)-(1.2), and we denote the corresponding solution by x(t,(p,6,£). The main goal of 
this paper is to discuss the differentiability of x(t,(p,0,£) wrt ip, 9 and £. By differentiability 
we mean Frechet-differentiability throughout the manuscript. Differentiability of solutions wrt 
parameters is an important qualitative question, but it also has a natural application in the 
problem of identification of parameters (see [10]). But even for simple constant delay equations 
this problem leads to technical difficulties if the parameter is the delay [6, 17]. Similar difficulty 
arises in SD-DDEs. 
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Theorem 3.1 below yields that, under natural assumptions, Lipschitz continuous initial func- 
tions generate unique solutions of (1.1). As it is common for delay equations, as the time 
increases, the solution of (1.1) gets smoother wrt the time: on the interval [0,r] the solution is 
C 1 , on [r, 2r] it is a C 2 function, etc. But for t € [0, r] the solution segment function xt is only 
Lipschitz continuous. Therefore the linearization of the composite function x(t — r(t,Xt,t;)) is 
not straightforward, which is clearly needed at some point of the proof to obtain differentiability 
wrt parameters. 

To illustrate the difficulty of this problem in the case when we can't assume continuous 
differentiability of x, we recall a result of Brokate and Colonius [1]. They studied SD-DDEs of 
the form 

x'(t) = f(t,x(t-T(t,x(t)))), t€[a,b], 

and investigated differentiability of the composition operator 

A: W 1,0 °([a,b];R) D X ^ L p ([a, &]; IR), A(x)(t) := x{t - r(t, x(t))). 

They assumed that r is twice continuously differentiable satisfying a < t — r(t, v) < b for all 
t G [a, b] and »£R, and considered as domain of A the set 

X := jz € W 1,00 ([a,&];R): There exists e > s.t. ^(t - r(t, x(t)fj > e for a.e. t e [a, 6]}. 

It was shown in [1] that under these assumptions A is continuously differentiable with the 
derivative given by 

(DA(x)u)(t) = -x(t - r(t, x(t)))D 2 T(t, x(t))u(t) + u(t - r(t, x(t))) 

for u € W 1,0O ([o, 6],R). Both the strong VF 1,00 -norm on the domain and the weak L p -norm on 
the range, together with the choice of the domain seemed to be necessary to obtain the results 
in [1]. Note that Manitius in [18] used a similar domain and norm when he studied linearization 
for a class of SD-DDEs. 

Differentiability of solutions wrt parameters for SD-DDEs was studied in [2, 9, 12, 16, 21, 22]. 
In [9] differentiability of the parameter map was established at parameter values where the 
compatibility condition 

V9€C\ 0(O-) = /(O,^-t(O )¥ >,O),0) (1-3) 

is satisfied. It was proved that the parameter map is differentiable in a pointwise sense, i.e., the 
map 

W 1 ' 00 x9xS^ R n , (<p,6,0^x(t,(p,6,£) (1.4) 

is differentiable for every fixed t from the domain of the solution. Moreover, it was shown that 
the map 

W 1 ' 00 xexE^C, (<p,0,O^xt(;<P,e,O, (1-5) 
and, under a little more smoothness assumptions, the map 

w l >°° x6xH-> w 1 ^, (ip, e, o ^ xt(-, ip, e, o (1.6) 

is also differentiable at fixed parameter values satisfying (1.3). Note that a condition similar to 
(1.3) was used by Walter in [21] and [22], where proved the existence of a C 1 -smooth solution 
semiflow for large classes of SD-DDES. 
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In [16] differentiability of the parameter map was proved without assuming the compati- 
bility condition (1.3). Instead, it was assumed that the time lag function t t — r(t,xt,£,) 
corresponding to a fixed solution x is strictly monotone increasing, more precisely, 

essinf-^(t-r(t,x t ,0) >0, (1.7) 
0<t<a at 

where a > is such that the solution exists on [— r, a]. Also, instead of a "pointwise" differen- 
tiability, the differentiability of the map 

w l >°° x9xs-> w 1 *, (<p, e, o i ^ x t (; <p, e, o 

was proved in a small neighborhood of the fixed parameter value. Note that here the differen- 
tiability was obtained using only a weak norm, the W 1,p -iLorm (1 < p < oo) on the state-space. 

Chen, Hu and Wu in [2] extended the above result to proving second ordered differentiability 
of the parameter map using the monotonicity condition (1.7) of the state-dependent time lag 
function, the W 1,p -noim (1 < p < oo) on the state space, and the VF 2 ' p -norm on the space of 
initial functions. Note that r was not given explicitly in [2], it was defined through a coupled 
differential equation, but it satisfied the monotonicity condition (1.7). 

In [12] the IVP 

x(t) = f(t,x t ,x(t-T(t,xt))), te[a,T], (1.8) 
x(t) = (p{t -a), t£[a-r,a] (1.9) 

was considered. In this IVP the parameters 6 and £ were omitted for simplicity, but the initial 
time a was considered together with the initial function as parameters in the equation. Combin- 
ing the techniques of [9] and [16], and assuming the appropriate monotonicity condition (1.7), 
but without assuming the compatibility condition (1.3), the continuous differentiability of the 
parameter maps 

and 

W^^C, <p^X t (;<T,<p) 

were proved for a fixed t and a in a neighborhood of a fixed initial function. Note that with this 
technique similar result can't be given using the M/' 1 ' 00 -norm on the state-space without using 
the compatibility condition. 

Assuming the compatibility condition (1.3) it was also shown in [12] that the maps 

[0,a)^E n , a H- x(t, a, <p) 

and 

[0,a) ->• C, (j i y x t (-,a,(p) 

are differentiable for all t € [a — r, a] and t £ [a, a], respectively, and a, tp in a neighborhood of 
a fixed parameter (a, p), and where a > is a certain constant. Assuming that the functions / 
and r have a special form in (1.8), i.e., for equations of the form 

x(t) = /(i,x(i- A 1 ^)),...^- \ m (t)), J° A(t,6)x{s + 6)ds, 

x(t-f [t, x(t - e(t)), ...,x(t- ?(t)),J° B(t, 6)x(s + 6) ds] ) ) 
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the differentiability of the map 

[0,a)^R n , u i — y x(t, c, tp) 

was shown in [12] for t € [a, a] using the monotonicity assumption (1.7), but without the 
compatibility condition (1.3). Note that in this case similar result does not hold for the map 
a i — y xt(-,cr,(p) using the C-norm, which is not surprising, since it is easy to see [12] that the 
map a i-> x(t,a,(p) is differentiable at the point t = a if and only if a compatibility condition 
similar to (1.3) is satisfied. 

We refer the interested reader for related works on dependence of the solutions on parameters 
in SD-DDEs to [19, 20], and for similar works in neutral SD-DDEs to [11, 13, 23]. 

The organization of this paper is the following. In Section 2 we summarize some notations 
and preliminary results that will be used in the manuscript. In Section 3 first we list the 
detailed assumptions on the IVP (1.1)-(1.2) we will need in our differentiability results later, 
and formulate a well-posedness result (Theorem 3.1) concerning the IVP (1.1)-(1.2), and prove 
some estimates will be essential later. 

In Section 4 using and extending the method introduced in [12], we discuss first order dif- 
ferentiability of the parameter maps associated to the IVP (1.1)-(1.2). In the main result of 
this section (see Theorem 4.7 below) we show the differentiability of the parameter maps (1.4) 
and (1.5) without using the compatibility condition (1.3), and also relaxing the monotonicity 
condition (1.7) to the condition that the time lag function t i-> t — r(t,xt,£) is "piecewise 
strictly monotone" in the sense of Definition 2.6. Note that omitting the compatibility condi- 
tion is essential in the application of this results in [14], where we prove the convergence of the 
quasilinearization method in the problem of parameter estimation. Also, in this application the 
existence of the derivative is needed in this strong, pointwise sense, i.e., the differentiability of 
the map (1.4) is used in [14]. 

In Section 5 the main result is Theorem 5.17, which proves twice continuous differentiability 
of the maps 

and 

W 2 '°° x8xS->C, (<P,e,0^xt(;<P,e,Z) 

at a parameter value (<p,6,£) satisfying the compatibility condition (1.3) and such that the 
corresponding time lag function t >— > r(t,Xt,^) is piecewise strictly monotone in the sense of 
Definition 2.6. Under some additional condition, the continuity of the second derivative wrt 
the parameters is obtained in a certain sense. The only result known in the literature for the 
existence of a second derivative wrt the parameters in SD-DDEs is the result of Chen, Hu and 
Wu [2], where the second order differentiability is proved only using a weak W 1,p -noim on the 
state-space. Note that our result shows the existence of the second derivative in a pointwise 
sense, i.e., at each fixed t, moreover, the technique of the proof is simpler. 
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2 Notations and preliminaries 



Throughout the manuscript r > is a fixed constant and Xt : [— r, 0] —¥ W 1 , Xt(0) := x(t + 9) is 
the segment function. To avoid confusion with the notation of the segment function, sequences 
of functions are denoted using the upper index: x k . 

N and No denote the set of positive and nonnegative integers, respectively. A fixed norm 
on W 1 and its induced matrix norm on W axn are both denoted by | • |. C denotes the Banach 
space of continuous functions ip : [— r, 0] — > W l equipped with the norm \ip\c = max{|^(£)| : 
C € [— r,0]}. C l is the space of continuously differentiable functions if) : [— r, 0] — > W 1 where 
the norm is defined by IV'lc 1 = max {|^|co iV'lc}- L°° is the space of Lebesgue-measurable 
functions ip : [— r, 0] —> W 1 which are essentially bounded. The norm on L°° is denoted by 
|^|l<x> = esssup{|V>(C)l : C ^ [ — r >0]}- W 1,p denotes the Banach-space of absolutely continuous 
functions ip : [— r, 0] —> M. n of finite norm defined by 

: = (J ^ iv(or + i^(orrfcj , i < v < oo, 



and for p = oo 



IVW 1 ^ := maxjl^lc, \ip\ L °°} ■ 



We note that W 1 ' 00 is equal to the space of Lipschitz continuous functions from [— r, 0] to W 1 . The 
subset of W 1,co consisting of those functions which have absolutely continuous first derivative 
and essentially bounded second derivative is denoted by W 2,co , where the norm is defined by 

l^l^.oo := maxjlV'lc, \ip\c, 

If the domain or the range of the functions is different from [— r, 0] and R ra , respectively, we will 
use a more detailed notation. E.g., C(X, Y) denotes the space of continuous functions mapping 
from X to Y. Finally, £(X,Y) denotes the space of bounded linear operators from X to Y, 
where X and Y are normed linear spaces. An open ball in the normed linear space X centered 
at a point x € X with radius 5 is denoted by Bx(x; 5) := {y £ Y : \x — y\ < 5}. 

The derivative of a single variable function v(t) wrt t is denoted by v. Note that all derivatives 
we use in this paper are Frechet derivatives. The partial derivatives of a function g : X\ x X2 — > Y 
wrt the first and second variables will be denoted by D\g and -D25S respectively. The second- 
order partial derivative wrt its ith and jth variables = 1, 2) of the function g: X\ x X2 — >■ Y 
at the point (x\,X2) £ X\ x X2 is the bounded bilinear operator A{-, ■): Xi x Xj — > Y, if 

|Ag(xi + k8 lj ,x 2 + k5 2j )h - Dig{xi,x 2 )h - A(h,k)\ Y , 
11m sup — — — — u, n e Aj, ft Aj, 

where <5y = 1 for i = j and <5jj = for i 7^ j is the Kronecker-delta. We will use the notation 
Dijg(xi,x 2 ) = A. The norm of the bilinear operator A{-, •) : X, x Xj — >■ Y is defined by 

I^PQx^Y) := sup j j^qfj^ 1 : € Xi, M 0, € X,-, M j . 

In the case when X\ = R, we simply write D\g{x\,x 2 ) instead of the more precise notation 
D\g(xi,x 2 )l, i.e., here Dig denotes the value in Y instead of the linear operator 1"). In the 
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case when, let say, X2 = W 1 = Y, then we identify the linear operator D2g(x±, X2) G >C(lR ra ,lR n ) 
by an n x n matrix. 

Next we formulate a result which is a simple consequence of the Gronwall's lemma. 

Lemma 2.1 (see, e.g., [12]) Suppose a > 0, b : [0, a] — > [0, 00) and u : [—r,a] — > W l are 
continuous functions such that a > |uo|c, and 

\u{t)\<a+ f b(s)\u s \ c ds, t€[0,a]. (2.1) 
Jo 

Then 

\u(t)\ < \u t \c < aef« b{s)ds , t G [0,q]. (2.2) 



Lemma 2.2 Suppose ip G W 1,0 °. Then 

Mb) -V(a)| < M L °°\b-a\ 

for every [a,b] C [— r, 0]. 

We recall the following result from [1], which was essential to prove differentiability wrt 
parameters in SD-DDEs in [2], [12] and [16]. We state the result in a simplified form we need 
later, it is formulated in a more general form in [1]. Note that the second part of the lemma 
was stated in [1] under the assumption \u k — u|w' 1 ' oc ([o,a],R) ^ as A; ^ 00, but this stronger 
assumption on the convergence is not needed in the proof. See also the proof of Lemma 4.26 in 
[8]. 

Lemma 2.3 ([1]) Let g G L 1 ([c, d], W 1 ), e > 0, and u G A(e), where 

A{e) := {v G W 1>0O ([a, 6], [c, d]) : v{s) > e for a.e. s G [a, b}}. 

Then ^ 

I \g(u(s))\ds<- [ \g(s)\ds. (2.3) 

J a £ J c 

Moreover, if the sequence u k G -4(e) is such that \u k — w|c([a,6],iR) as k 00, then 



rb 

lim 



f g(u k (s))-g(u(s))\ds = 0. (2.4) 

J a 



Remark 2.4 Changing to the new variable s = — t in the integrals in (2.3) and (2.4) give easily 
that the statements of Lemma 2.3 hold also in the case when conditions u, u k G A{e) are replaced 
by -u, -u k G A(e). 

In the next lemma we relax the condition u G A(e) of the previous lemma. 
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Lemma 2.5 Suppose g G L°°([c, d], R), and u: [a,b] — >■ [c,d] is an absolutely continuous func- 
tion, and 

essinf{u(s): s G [a', b']} > 0, for all [a',b'} C (a, b). (2.5) 
T/ien the composite function gou G L°°([a, 6], R), and |g o "u|L°°([a,6],M) < Mz,°°([c,<f],]R)- 

Proof First note that since u is absolutely continuous, it is a.e. differentiable on [a, 6], and 
condition (2.5) yields that u is strictly monotone increasing on [a, b]. Let G := {v G [c, d] : 
^(f) is not defined or \g(v)\ > \g\L°°([c,d],K)}- Then meas(G) = 0. Let A := {t G [a,b] : 
g(u(t)) is not defined or \g(u(t))\ > \g\L°°([c,d],R)}- Clearly, A = u _1 (G). Let < e < (b — a)/2 
be fixed. Then let d := u{a + e), d' := u{b — e), and let M := essinf{n(s) : s G [a + e, b — e]}. 
Then (2.5) yields M > 0. Since G is of measure 0, there exist open intervals (q, dj), i G N such 
that 

00 00 
G C (J (<*, di) and J^(d; - q) < eM. 

i=i i=i 

We have 

A = u- 1 (G) =n- 1 (Gn[c,c']) Uu-^Gn [c',d']) U u~ x (g n [d', d]) , 

and the monotonicity of u yields u -1 ^G D [c, c']^ C [a, a + e], u -1 ^G n [d', d]j C [6 — e, 6], and 

00 00 00 

^(cntcVl) cu- 1 ^,^] n|J [ci.di]) =U«- 1 ([c / ,d']n[c i ,d i ]) = 

i=l i=l i=l 

where dj := ti _1 (max{c', q}) and 6« := ti _1 (min{d', dj}). The definition of M yields 

dj — Q > min{d', dj} — max{c', Cj} = n(6j) — ti(aj) = / u(s) ds > M (pi — Oj) . 

Therefore Ac [a, a + e] U [b — s, b] U U£i [ a « 1 ^] > an d the sum of the length of the closed intervals 
covering A is less than 3e. Since e > is arbitrary, we get that A is Lebesgue-measurable and 
meas(A) = 0. 

We show that g o u is Lebesgue-measurable. Let k G R, and define G K := {v G [c, d] : 
5(f) is defined and g(v) < k}. G k is a Lebesgue-measurable set, since g G L°° ( [c, d] , R) . 
Therefore there exists a closed set F K such that F K C G K and meas(G K \ F K ) = 0. Since 
u is continuous, u _1 (F K ) is a closed set, and therefore, it is Lebesgue-measurable. Moreover, 
u~ 1 (G K ) = u~ 1 (F K )Uu~ 1 (G K \F K ), and as in the first part of the proof, we get that u~ 1 (G K \F K ) 
is measurable, and so is u~ l {G K ). □ 

Clearly, the statement of the previous Lemma is also valid if (2.5) is changed to 
esssup{u(s): s G [a', b'}} < 0, for all [a',b'\ C (a, b). 



We will use the following notation. 
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Definition 2.6 VA4([a,b],[c,d\) denotes the set of absolutely continuous functions u: [a,b] — >■ 
[c, d] which are piecewise strictly monotone on [a, b] in the sense that there exists a finite mesh 
a = to < t\ < ■ ■ ■ < t m -i < t rn = b of [a, b] such that for all i = 0, 1, . . . , m — 1 either 

essinf{ti(s) : s G [a',&']} > 0, for all [a',b'] C (ij,tj+i) 

or 

esssup{ti(s) : s G [a', b']} < 0, for all [a',b'] C (ij,tj + i). 

Lemma 2.5 implies the next result immediately. 

Lemma 2.7 Suppose g G L°°([c, d], R n ), and u G VM([a, b], [c,d]). Then the composite func- 
tion g o u G L°° '([a,b],R n ) and \g o u\ L coQa jb ]^ < Ml°°(M,r™)- 

The next lemma generalizes the convergence property (2.4) to the class VM.. We comment 
that to prove the convergence property (2.4) for u,u k G VM.{[a, b], [c,d]), we need the stronger 
assumption \u k — u|vi/i>°°([a,&],]R) ~ ^ instead of \u k — u\c([ a ,b],R) ~* what is used in Lemma 2.3. 



Lemma 2.8 Suppose g G L°°([c, d], W 1 ), and u,u k G VM([a,b], [c,d]) (7c G satisfying 

\u k - u| w i,oo([ a;b])K ) -> 0, as k ->■ oo. (2.6) 

T/ien 

|#(w fe (s)) - (is ->• 0, as fc ->■ oo. (2.7) 



/ 

J a 



Proof Clearly, it is enough to show (2.7) for the case when g is real valued, i.e., n = 1. 

First note that Lemma 2.7 yields gou, g ou k G L°°([a, 6], K). We prove (2.7) in three steps. 

(i) First suppose that g G L°°([c, d], R) is the characteristic function of an interval [e, /] C 
[c,d], i.e., g = X[ e ,f]- Then |x [e ,/] (u k (s)) - X[e,f](u(s))\ is either or 1, hence 

meas({s G [a, 6] : X[e,/] («*(«)) / X[e,/] («(«))}) < 4|u fc - u| c(M)M) , 

and so 

/ IX[e,/](« fc («)) - X[e,/](«(*))|rf* < 4 \ ut ~ u \c([a,b],M.) ~> 0, as /c ^ OO. 

J a 

(ii) Suppose 5 is a step function, i.e., g = YlT^i c iXAi, where A{ are pairwise disjoint intervals 
with \Jf =x Ai = [c,d\. Then 

rb m 

\ \g(u k (s)) -g(u(s))\ds < \cM\u k - u|c([ a ,6],R) ->• 0, as k -> 00. 
1/(1 i=i 

(iii) Let a = to < *i < • • • < t m = b be the mesh points of u from the Definition 2.6, and let 
< e < min{tj + i — ti : i = 0, . . . , m — 1}/2 be fixed, and introduce ^ := U + e for i = 0, . . . , m — 1 
and t'[ := U — e for i = 1, . . . , m, t ' := a, := 6, and let 

M := min essinf |n(i)|. (2.8) 
i=o,..,m-ite[t;,t» +1 ] 
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We have M > 0, since u G VM([a, b], [c, d]). 

The set of step functions is dense in L 1 ([c, d],M) (see, e.g., [4]), so for a fixed g G L°°([c, d],M) 
and < 5 < eM/m there exists a step function /i : [c, d] — >■ R such that \g — h\ L in C ( j\,K) < 
Let h = X^I!li c «XAi, where Ai are pairwise disjoint intervals with U™-^ = [c, d], and define 
^* : = TdLi^iXAi, where 

Cj> if l c ?l < lfflL°°(M,R) + 1> 

lfl , U 00 ([c,d|,R)) ^ Ci > Iff I L°°([c,d\, R) + 1) 
, -|fflL°°([c,d],R) 5 if Cj < -|ffU°°([c,d|,R) - 1- 

Then it is easy to check that \g(v) — h*(v)\ < 1 for a.e. v G [c, d], and 

f \g(v) -h*(v)\dv < f \g(v) -h(v)\dv < S. 

J c J c 

We have therefore 



\g(u(s))-h*(u(s))\ds 



= £ *\9Ws))-h*(u( S ))\ds+J2 * +1 \g(u(s))-h*(u(s))\ds 
i=0 Jt i i=0 Jt i 

m ~ 1 ft'-'+l 1 

< 2e(m + l) + Y^ / \g(u(s))-h*{u(s))\u{s)—ds 

i=o Jt 'i u{s) 

< 2e (m + l) + -£ / ^ |<,(u)-/i»|dt, 

a— n J u(t-) 



< 2e(m + 1) + 

< (2m + 3)e. 



5m 
M 7 



Assumption (2.6) yields that there exist k$ > such that |u fc — ^|vF 1 >°°([a,6],R) < 4f for £; > &o. 
Then for > A; it follows |-u fe (s)| > 4f for a.e. s G and i = 0, . . . ,m — 1. Therefore 

similarly to the previous estimate we have for k > ko 



f 

J a 



25m 



\g(u K (s)) - h*(u*(s))\ ds < 2e(m + 1) + — < (2m + 4)e. 



Using the above inequalities we get 

\g(u k {s))-g{u(s))\ds 

< f \g(u k (s)) - h*(u k (s))\ds + f \h*{u k {s)) - h*(u{s))\ds 

J a J a 

+ f\g{u{s))-h*{u{s))\ds 

J a 

rb 

< (4m + 7)e+ / \h*(u k (s)) - h*(u(s))\ds, k > k , 

J a 

which yields (2.7) using part (ii), since e > is arbitrary close to 0. 



□ 
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Lemma 2.9 Suppose f k,h G L°°([c, d], R n ) /or A; G N and h £ H for some fixed parameter set 
H, 



lim sup / |/ fe ' ft (s)|ds = 0, 



k- 

and there exists A > suc/t i/mf < A for k G N, h G and a.e. s G [c,d]. Zei 

u,u k G PM([a,i)], [c,d]) (fc G N) be such that (2.6) holds. Then 



lim sup / \f k ' h (u k (s))\ds = 0. 



Proof Let a = t < ti < ■ ■ ■ < t m = b be the mesh points of u from the Definition 2.6, and let 
< e < min{tj + i — ti'. i = 0, . . . , m — l}/2 be fixed, let t[ and be defined as in the proof of 
Lemma 2.8, and let M be defined by (2.8). Let ko be such that \u k — «|pv' 1 ' oc ([a,6],K) — for 
k > ko- Then for k > ko it follows |u fc (s)| > 4^ for a.e. s G and i = 0, . . . ,m — 1. Since 

u fc G ^Af([o, 6], [c,d]), it follows from Lemma 2.7 that \f k ' h (u k (s))\ < A for k G N, /i G H and 
a.e. s G [a, b\. Therefore for any k G N and h £ H we have 



/ i/ fc >V(s))i^ = v/ i/ fe 'V(«))i^ + E / i/ fc, V(*))i<fe 
^ U k £Z k 

< ( m + l)A2e + — J \f k ' h (s)\ds. 



Then 



sup/ \f k ' h (u k (s))\ds < (m + lL42e + sup ^ / |/*> h (s)|da, 

heHJa heH M Jc 

which proves the statement, since e is arbitrarily close to 0. □ 



3 Well-posedness and continuous dependence on parameters 

In this section we list all the assumptions we need later on the IVP (1.1)- (1.2), and show some 
basic results including the well-posedness of the IVP and Lipschitz continuous dependence of 
the solutions on the parameters <p, 6 and 7. 

Suppose Qi C C, O2 C M. n , C 0, C S are open subsets of the respective spaces. T > 
is finite or T = 00, in which case [0,T] denotes the interval [0, 00). 

We assume 

(Al) (i) / : R x C x R n x 6 D [0, T] x x fi 2 x ft 3 -> is continuous; 

(ii) /(i, Y>, u, 0) is locally Lipschitz continuous in tp, u and 8, i.e., for every finite a G (0, T], 
for every closed subset M\ C fii of C which is also a bounded subset of W l, °° , compact 
subset M 2 C 0,2 of R n , and closed and bounded subset M 3 C 3 of 6 there exists a 
constant L\ = Li(a, Mi, M 2 , M 3 ) such that 

\f(t,i>,u,o) - f{t,$,u,§)\ < Li(\^ - $\ c + \ u -u\ + \e- e\ Q ), 

for tG [0, a], ip,ip e Mi, u,u£ M 2 and 6,6 E M 3 ; 



10 



(iii) / : M x C x 1" x 6 D [0,T] x fii x 2 x H 3 ^ I" is continuously differentiable wrt 
its second, third and fourth arguments; 

(iv) f(t,ij),u,6) is locally Lipschitz continuous wrt t, i.e., for every finite a G (0,T], for 
every closed subset M\ C £l\ of C which is also a bounded subset of W 1,co , compact 
subset M2 C 0, 2 of R n , and closed and bounded subset M3 C of 6 there exists a 
constant L\ = L±(a, M±, M 2 , M3) such that 

\f(t,^,u,e)-f(i,^,u,e)\<L 1 \t-i\ 

for t, t G [0, o], Y> G Mi, u £ M 2 and 6> G M 3 ; 

(v) D2/) -D3/ and D4/ are locally Lipschitz continuous wrt all of their arguments, i.e., 
for every finite a G (0, T], for every closed subset Mi C f!i of C which is also a 
bounded subset of W 1,oc , compact subset M2 C Q 2 of W 1 , and closed and bounded 
subset M3 C O3 of 6 there exists L3 = £3(0, Mi, M2, M3) such that 

\Dif(t, il>, u, 9) - Dif(t, u, e)\c {Yi ,Rn } < L 3 (\t - i\ + \il>- $\ c + \ u -u\ + \e- 9\e) 

for i = 2, 3, 4, t,i G [0,o], Y>,Y> G M 1 , u,u G M 2 and 9,9 G M 3 , where F 2 := C 1 , 
F 3 := R™ and Y4 := 6; 

(vi) D2/) f 3/ and D±f are continuously differentiable wrt their second, third and fourth 
arguments on [0,T] x Qi x VL 2 x ^3; 

(i) r : M x C x S D [0, T] x Sli x fi 4 ->• [0, r] C R is continuous; 

(ii) T(t,ip,£) is locally Lipschitz continuous in ip and £ in the following sense: for every 
finite a G (0, T], closed subset Mi c fli of C which is also a bounded subset of 
W 1 ' 00 , and closed and bounded subset M4 C of S there exists a constant L2 = 
L 2 (a, Mi, M 4 ) such that 



\r(t, ^ - r(t, i;, 0\ < L 2 - $\ c + |£ - e| a ) 



for t G [0,o;], V,^ G Mi, £, £ G M 4 ; 

(iii) r : [0, T] x C x E D [0, T] x fii x S7 4 — >■ R is continuously differentiable wrt its second 
and third arguments; 

(iv) r(t,ifj,£) is locally Lipschitz continuous in t, i.e., for every finite a G (0,T], closed 
subset Mi C f2i of C which is also a bounded subset of W 1,co , and closed and bounded 
subset M 4 C Q4 of E there exists a constant L2 = £2(0, Mi, M4) such that 

\T(t,i>,0-r(t,4>,0\<L 2 \t-i\ 

for t, i G [0, a], V € Mi, £ G M 4 ; 

(v) for every finite a G (0, T], closed subset Mi C Oi of C which is also a bounded 
subset of W 1 ' 00 , and closed and bounded subset M4 C O4 of S there exists L4 = 
L 4 (o, Mi, M 4 ) > such that 

^r(t,y t ,£) - ^T(t,y t ,£) < L^(\y t - y t \ w i,°° + l£ - £|s), a.e. tG[0,a], 
where G M 4 , and y,y G VF 1,00 ([-r, a], M ra ) are such that y t ,y t G Mi for t G [0,0;]; 
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(vi) D 2 t and D$t are locally Lipschitz continuous wrt all arguments, i.e., for every finite 
a G (0, T], closed subset M\ C fii of C which is also a bounded subset of W 1 ' 00 , and 
closed and bounded subset M 4 C SI4 of E there exists a constant L5 = L$(a, Mi, M 4 ) 
such that 

|Ar(t, - Ar^^OI^.R) < ^s(|t " «1 + 1^ - + - £|s) 

for i = 2,3, i,tG[0,4^^6JWi, M 4 , where Z 2 := C and Z 3 : = S; 

(vii) Af and are continuously differentiable wrt their second and third arguments 
on [0,T] x!!ix 4 ; 

(viii) for every finite a G (0, T], for every closed subset Mi C fii of C which is also a 
bounded subset of W l,oc , compact subset M2 C $^2 of W 1 , and closed and bounded 
subsets M 3 C $7 3 of 9 and M 4 C 4 of 5 there exists L 6 = L 6 (a, Mi, M 2 , M 3 , M 4 ) 
such that 

^/(t, y t , j/(t - r(t, y t ,0), 0) - j f f(t, y t , y(t - r(t, y t , £)), 0) 

< L 6 (\yt-yt\wi.°° + \Z-Zk + \0-0h), &.e. t € [Q,a], 

where 9,9 G M 3 , £,£ G M 4 , and y,y G ^^([-r.a],!") are such that y t ,y t G Mi 
for t G [0,a]. 

We introduce the parameter space 

r := W 1 ' 00 x x E 

equipped with the product norm |-y |r := I^Ih/ 1 - 00 + l^le + |£|h f° r 7 = (p,6,0 ^ T, and the set 
of admissible parameters 

n : = {(<p,e,Z) g r : ^ g n ± , <p(-t(q, v )) en 2 , ee n 3 , s g ft 4 }. 

The next theorem shows that every admissible parameter (ifi, 0,£) G II has a neighborhood P 
and there exists a constant a > such that the IVP (1.1)-(1.2) has a unique solution on [— r, a] 
corresponding to all parameters 7 = (<p,9,£) G P. This solution will be denoted by x(t,j), and 
its segment function at t is denoted by 07 (-,7). 

The well-posedness of several classes of SD-DDEs was studied in many papers (see, e.g., 
[5, 15, 16, 19, 21, 22]. The next result is a variant of a result from [12] where the initial time is 
also considered as a parameter, but the parameters 9 and £ were missing in the equation. The 
proof is similar to that of Theorem 3.1 in [12], (see also the analogous proof of Theorem 3.2 of 
the neutral case in [13]), therefore it is omitted here. The notations and estimates introduced 
in the next theorem will be essential in the following sections. 

Theorem 3.1 Assume (Al) (i), (ii), (A2) (i), (%%), and let 7 G II. Then there exist 5 > and 
< a <T finite numbers such that 

(i) for all 7 = (if, 9,^) G P := #r(7; S) the IVP (1.1) -(1.2) has a unique solution x(t,j) on 
[-r, a]; 
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(ii) there exist a closed subset Mi C C which is also a bounded and convex subset of W l, °° , 
Mi C R n compact and convex subset and M3 C 0, M4 C S closed, bounded and convex 
subsets of the respective spaces such that xt(-,j) G Mi, x(t — r(t, Xt(-, 7), £), 7) G Mi, 
6 £ M 3 and £ G M 4 /or 7 = (<p, 0, £) G P and i G [0, a]; and 

(raj X((-,7) G Vy 1 ' 00 /or 7 G P and t G [0, a], and i/iere exist constants N = N(a,S) and 
L = L(a, 5) such that 

|x t (-,7)| w i,oo < N, 7 GP, i G [0,a], (3.1) 

and 

|x t (-,7)-x t (-,7)| w i,oo <L| 7 -7|r, 7 e P, t€[0,a]. (3.2) 

The following result is obvious. 

Remark 3.2 Suppose the conditions of Theorem 3.1 hold, P and a are defined by Theorem 3.1, 
and let V denote the subset of P consisting of those parameters which satisfy the compatibility 
condition, i.e., 

V:= {(<P,9,0 GP: V9GC 1 , 0(0-) = /(0, <p, <p(-r(0, <p, £)),0)} . (3.3) 

Then for all parameter values 7 G V the corresponding solution x(t, 7) is continuously differen- 
tiable wrt t for t G [— r, a] . 

Throughout the rest of the paper we will use the following notations. The parameter 7 G II 
is fixed, and the constants 5 > 0, < a < T are defined by Theorem 3.1, and let P := -Br(7; S). 
The sets Mi C C, M 2 C R n , M 3 C and M 4 C H are defined by Theorem 3.1 (ii), L x = 
Li(a, Mi, M2, Ms), L2 = Li(a, Mi, M4) and L4 = L^a, M\, M4) denote the corresponding 
Lipschitz constants from (Al) (ii), (A2) (ii) and (A2) (iv), respectively, and the constants 
N = N(a, 6) and L = L(a, 5) are defined by Theorem 3.1 (hi). We will restrict our attention to 
the fixed parameter set P, so the sets Mi, Mi, M3 and M4, and the constants L\, Li, L4, L and 
N can be considered to be fixed throughout this paper. 

Lemma 3.3 Assume (Al) (i), (ii), (A2) (i),(ii), 7 = (<£,£, 0) G P, h k = {h%,h!j.,h e k ) G T is a 
sequence such that 7 + h k G P for k G N and \h k \v — > as k ^ 00. Lei x(i) := x(i, 7), x fc (i) := 
x(t,7 + /ife) 6e the corresponding solutions of the IVP (1.1)-(1.2), andu k (s) := t — T(t,x k ,^ + h k ) 
and u(t) := t — r(i, xj,£). Then there exists Kq > such that 

\u k (t) -u(t)\ < K \h k \ r , t€[0,a], k£N. (3.4) 

If, in addition, (A2) (iv) holds, then u,u G W 1>oo ([0,a],R), and if (A2) (v) is also satisfied, 
then there exists K\ > such that 

\u k ~ u \wi>°°({o,a],R) < Ki\h k \ T , keN. (3.5) 
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Proof Assumption (A2) (ii) implies 

\u k (t)-u(t)\ = \T(t,a$,Z + hi)-T(t,xt,0\<L2(\a* -x t | c + |^|s), t€[0,a], 

so (3.2) yields (3.4) with K := L 2 {L + 1). 

Now assume (A2) (iv) also holds. For simplicity of the notation let ho := = (0,0,0) G T, 
and so x° := x and u := u. Then (A2) (ii), the Mean Value Theorem and (3.1) imply for k G No 
and t, i G [0, a] 



|r(t,a£,£ + - T(i,x$,£ + hi) < L 2 (\t - t\ + \x k t - x k \ c ) < L 2 {1 + N)\t- t\. 



(3.6) 



Hence u k is Lipschitz continuous, and so it is almost everywhere differentiable on [0, a], and 
\u h \ L ™({o,a],R) < £2(1 + N). Therefore u k G W 1 > oo ([0, a], R) for jfe G N . 

Let L 4 = L 4 (q,Mi,M 4 ) be defined by (A2) (v). Assumption (A2) (v) and (3.2) give 



\u k (t) - u(t)\ = jr(t, x k ,d + hi) - j t r(t, x t ,0 < L 4 {\x k - x t \c + \hi\ s ) < U(L + l)|%| r 
for a.e. t G [0, a]. Therefore (3.5) holds with K\ := max{if , L A {L + 1)}. □ 



d 



We note that (A2) (v) and (viii) hold under natural assumptions for example for functions 
of the form 

r(t, i/>, = f(t, V(V (t)), . . . , 4>(-r, e (t)),£ A(t, CMC) dC, £(<)) 

and 

/(t, V, «, 0) = / (t, ^(-i/ 1 (<)), • • • , i>{-v m {t)),j B(t, C)V(C) dC, 0(t)) . 

Here 9 = W 1,o °([0, T],R) and E = W 1,o °([0, T},R) can be used, and then we have, e.g., for r 
under straightforward assumptions we have for a.e. t G [0, a], y G W 1,co ([—r, a],R n ) 

j t r(t, y t , = At (t, y(t - V \t)), ...,y(t- V e (t)), £ A(t, Qy(t + () d(, £(t)) 

+ Y,D l+ if(t,y(t-7 ] 1 (t)),...,y(t-7 ] \t)), / A(t,()y(t + ()d(,m) 
i=i J ~ r 
xyit-ri'mi-tfit)) 

+A+2T (t, y(t - V \t)), ...,y(t- v e (t)), J A(t, Qy(t + C) d(, £(*)) 

x j° [DiAQ, ()y(t + C) + A(t, ()y(t + Q] d( 

+A+3T (t, y(t - ^(t)), ...,y(t- V \t)), J° A(t, ()y(t + C) d(, £(t))£(t). 

Similar formula holds for ^.f(t,yt,y(t — r(t,yt,^)),0). So if f and / are continuously differen- 
tiable, rf are continuously differentiable and esssup tG [ ,T](l — tfit)) > f° r i = 1, • • • then it 
is easy to argue that (A2) (v) and (viii) hold. 
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4 First-order differentiability wrt the parameters 



In this section we study the differentiability of the solution x{t,~j) of the IVP (1.1)-(1.2) wrt 7. 
The proof of our differentiability results will be based on the following lemmas. 

Lemma 4.1 Let y G W 1 > 0O ([-r,a],R n ), 0J k G (0, 00) (k G N) be a sequence satisfying Uk — >■ 
as k ->■ 00. Let u, iz fe G P-MQO, a], [— r, a]) (7c G N) 6e stic/i i/iai 

-u| w i,cx, ([0!Q])]K) < w fe , fceN. (4.1) 



Then 



lim 

fc— >oo _/q 



- f |y(u fc ( S )) - y(u{s)) - y{u(s))(u k {s) - u{s))\ds = 0. 

J k Jn 



(4.2) 



Proof Let = t < h < ■ ■ ■ < 

tm—i < t-m — a be the mesh points of u from the Definition 2.6, 
and let < e < min{ij + i — tj : i = 0, . . . ,m — l}/2 be fixed, and introduce t\ := U + e for 
z = 0, . . . , m — 1, t'( := U — e for i = 1, . . . , m, £q := 0, ^ := a, and let 

M := min essinf |n(t)|. 

<=0 > ...,m-lt 6 [f.,f4 1 ] 1 

We have M > 0, since it G "P.MQ0, a], [— r, a]). Assumption (4.1) yields that there exists ko > 



such that \u k — u 
■,k 



< M for fe > jfc . Then for > fc it follows > ^ and 



iy 1 .«'([0,a] 

u(s) + z^(u fe (s) - u(s))| > M for a.e. s G [i-,t"+i], * = 0, . . . , m - 1 and 1/ G [0,1]. Let 
A := |y| w i,oo([— r, a], W 1 ). Then simple manipulations, (4.1) and Fubini's theorem yield 

f \y(u k (s)) - y(u(s)) - y(u(s))(u k (s) - u(s))\ds 
Jo 



< E / *(!»(«*(-)) - + |y(«(«))||«*(-) - «(*)|) 



m—1 „+» 



u k (s) 



u(s) 



(y(v) -y(u(s)j)dv 



ds 



< (m + l)2e2A\u k - u\ c{[ o,a], 

m—1 



m—1 „/" „i 



=0 ^ 



y(u(s) + v(u k (s) - u(s))) - j/(«(a)) (u fc (s) - u(s)) di/ 



(is 



(m + l)4Ae + E / / y( u ( s ) + - u ( s ))) - 



It follows from Lemma 2.3 and Remark 2.4 that for every v G [0, 1] 



rt'-' 

lim / y[u(s) + u(u k (s) - u(s))) - y(u(s)) 
fc— >oo V / 



ds = 0, 



i = 0, . . . , m — 1, 



hence we get by using the Lebesgue's Dominated Convergence Theorem that 

limsup — / \y(u k (s)) - y{u{s)) - y(u(s))(u k (s) - u(s))\ ds < (m + l)4Ae. 
This concludes the proof of (4.2), since e > can be arbitrary close to 0. 



□ 
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We introduce the notations 

u f (t,$,u,0,il>,u,0) := f{t,^,u,9)- f{t,^,u,9)-D 2 f{t,^,u,9){^-^) 

-D 3 f(t, u, 9){u - u) - D 4 f(t, u, 9)(9 - 9), (4.3) 
u T {t,^,ip,0 := r(t,^,0-r(t,^,0-I>2r(t,^,0(^-^) 

-D 3 T(t^,0((-0 (4.4) 

for t G [0,T], G Oi, u,u G Jl 2 , 9,9 & Q 3 , G fi 4 , and 

fy(e) := _max 4 Sup{|A/(*,'/>,«,0) - A/(*,^, 0)|,c(y j)M «) : 

|V> - V>|c + |« - £| + |6> - 0| < e, t G [0,a], G Mi, 

u,u G M 2 , 9,9 £ M 3 }, (4.5) 

fir(e) := maxsup{|Ar(t,V,0 - Ar(£, ^, Olr^R) : \ip ~ 4>\c + |£ - £|s < £, 

t€[Q,a], ^,i>eM x , £,£~GM 4 }, (4.6) 

where Y 2 := C, Y 3 := R n , Y 4 := G, Z 2 := C and Z 3 := E. 

The following result is an easy generalization of Lemma 4.2 of [12] for the IVP (1.1)-(1.2), 
therefore we omit its proof here. (See also the related proof of Lemma 5.8 below.) 

Lemma 4.2 (see [12]) Suppose (Al) (i)-(iii), (A2) (i)-(iii). Let P and a > be defined 
by Theorem 3.1, let 7 = (<p,0,g) G P be fixed, and h k = {h^,h e k ,h{) G T (k G N) be 



a 



sequence satisfying |%|r — > as k — > oo, and 7 + G P for k G N. Lei x(£) := x(£, 7), 
x fe (t) := x(t,j + /ifc), u(i) := £ - r(t,x t ,£) and u k {t) := t - r(t, x k ,^ + h\). Then 

lim -i- r| Wj ( S ,x s ,xK S )),fl 1 ^,x' : (/( S )) ) H^)| ( i S = (4.7) 
1 

lim-— / |w T (s,x s ,C,^,e + ^)|rfs = 0. (4.8) 



and 

k— >oo 



A solution x(-, 7) of the IVP (1.1)-(1.2) for 7 G P is, in general, only a Vy 1,oc -function on the 
interval [— r, 0], but it is continuously differentiable for t > 0. In [16] (see also [12]) a parameter 
set 

P 1 :={7=(<p,9,Z)€P: x(-, 7) G X{a, £)} 

was considered, where 

X(a,£) := |x G H /rl '°°([— r, a], M n ) : xt £ Q\, x(t — r(t, £t, £)) G ft 2 for t G [0, a], 

and essinfj — (t — r(t, xt,£)): a.e. t G [0, a*]| > o| 

and a* := min{r, a}. Then Lemma 2.3 yields that the function t i-> x(t — r(t,xt,^)) is well- 
defined for a.e. t G [0, a*] and it is integrable on [0, a*], and it is well-defined and continuous on 
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[a*, a]. Note that it was shown in [16] (see also [12]) that Pi is an open subset of the parameter 
set P. In this section we relax this condition. We define the parameter set 



P 2 := {7 = (<p,9,£) G P: the map [0,a*] — > K, t^t — r(i, x t (-, 7), £) 

belongs to VM{[0, a*}, [-r, a*])}. (4.9) 

Then we have Pi C P2 C P, and Lemma 2.7 yields that for a solution x corresponding to 
parameter 7 € P2 the function t x(t — t(£, xt,£)) is well-defined for a.e. t G [0,a*] and it is 
integrable on [0, a*]. Therefore, as the next discussion will show, the parameter set where the 
variational equation is defined, and correspondingly the differentiability of the solution wrt the 
parameters can be obtained is larger than in the previous papers [9, 12, 16]. 

Let 7 = (if, 0, £) G P2 be fixed, and let x(t) := x(t, 7). Consider the space Cx9xS equipped 
with the product norm | h e , h^)\ Cx BxS ■= |^|c + \h e \e + Then for a.e. t G [0, a] we 

introduce the linear operator L(t, x): C x 9 x E — > R n by 

L(t,x)(/^,/i e ,/i f ) 

:= D 2 /(t, art, z(* " r(t, x t ,O),0)h^ + D 3 /(t, x t , x(t - r(t, x t , £)), 0) 

x -i(t - r(t, x t , 0) (£> 2 r(t, x t , 0^ + A$r(t, x t , 0^) + h?(-T(t, x t , £)) 
+D 4 f(t, xt, x(t - r(t, x t , 0), ^)^ (4.10) 
for (/^, ^)eCx6xS.We have by (Al) (ii), (A2) (ii) and (3.1) 

\L(t,x)(hV,h e ,hZ)\ < L 1 \h^\c + L 1 [N(L 2 \h^\c + L 2 \h^\ s ) + \h^\c\ + Z,i|^|© 

< LiiVbK^.^^^lcxGxs, a.e. t€ [0,a], (4.11) 

where 

A :=AL 2 + 3. (4.12) 

Therefore 

l-^(*^)l£(CxexH,]R«) < -^1^0, a.e. t G [0,a]. 

Hence L(t, x) is a bounded linear operator for all t for which x(t — r(t, xt, £)) exists, i.e., for a.e. 
t G [0,a]. 

For 7 G P 2 we define the variational equation associated to x = x(-,7) as 

z(t) = L(t,x)(z t ,h e ,h c ) a.e. t G [0, a], (4.13) 
z(t) = hV(t), t€[-r,0], (4.14) 

where h = (h^^h 9 ,^) G C x 9 x S is fixed. The IVP (4.13)-(4.14) is a Caratheodory type 
linear delay equation. By its solution we mean a continuous function z : [— r, a] — > ]R n , which 
is absolutely continuous on [0,a], and it satisfies (4.13) for a.e. t G [0, a] and (4.14) for all 
t G [— r, 0]. Standard argument ([3], [7]) shows that the IVP (4.13)-(4.14) has a unique solution 
z(t) = z{t,i,h) for t G [~r,a], 7 G P 2 and h = (W, h e , h$) G C x 9 x S. 

The following result was proved in [12] for the parameter set Pi (see Lemma 4.4 in [12]), but 
the proof is identical for the parameter set P 2 , as well. 

Lemma 4.3 (see [12]) Assume (Al) (i)-(iii), (A2) (i)-(iii). Let 7 G P 2; and x(t) := x(t,j) 
for t G [— r, a]. Let h G C x 9 x E and let z(t,~/,h) be the corresponding solution of the IVP 
(4.13)-(4.14) on[-r,a\. Then 
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(%) z(t, 7,0 e£(Cx0xH,M n ), themapCxGxE^C, h^z t (-,j,h) is in C{C x9 xE,C), 



|*(t,7,fc)| < kt(-,7,/i)|c < iVi|/i|cxexH, t€[0,a], 7^2, /1 G C x 9 x E, (4.15) 
w/iere N x := e LlN ° a ; 
(ii) there exists N 2 > snc/i that 



Next we show that the linear operators z(t,j,-) and z*(-,7, •) are continuous in i and 7, 
assuming that 7 belongs to P2. First we need the following result. 

Lemma 4.4 Assume (Al) (i)-(iii), (A2) (i)-(iii). Let j £ P 2 , h = (h^,^,^) G T, h k = 

a sequence such that |/i&|r as k —> 00, andj + h k G P2 for k G N. 
Let x(s) := ar(s, 7), x k (s) := x(s,j + hk), u(s) := s — t(s, x s , £), and u k (s) := s — t(s, x k , £ + /i|). 
Then there exists a nonnegative sequence co,fc such that co,fc — > as k — > 00, and 



and 



|2*(-,7,fr)lw 1 .°° < N 2 |/i| r 



t e [o,q], 7 g p 2 , fter. 



(4.16) 



|L(s,x fc )/i-L(s,x)/ij < c 0tk \h\ r + L^^iu^s)) - x(u(s))\\h\ r 



(4.17) 



/or a.e. s G [0, a], fc G N and /i G T. 



Proof We have 



L(s, x k )(h^,h e , h?) - L(s, x)(ht, h e , tf) 



= (D 2 f(s, x k s , x k {u k {s)),9 + h e k ) - D 2 f(s, x s , x(u( 8 )),0j) 
+ (D 3 f(s, x k ,x k (u k (s)),9 + h e k ) - D 3 f(s, x s ,x(u(s)), 0)) 

x (-x V(s))) (d 2 t( 8 , x k ,H + hi)h^ + D 3 r{s, x k ,H + hl)h*) 
+D 3 f(s, x s , x(u(s)),6) (-x k (u k (s)) + *(n fc (s)))) 

x (d 2 t(s, x k ,H + hfoh? + D 3 t(s, x k ,Z + 4)h^ 
+D 3 f(s, x s , x(u(s)),6) (-x(u k (s)) + 




+D 3 f(s, x s , x(u(s)),0) (-x(u(s))j 




+ (D 3 f(s, x k ,x k (u k (s)), 6 + hi)- D 3 f(s, x s ,x(u(s)), 9)) h*{-r{s, x k ,t + h{)) 

+D 3 f( S , X S , X(U( S )),8) (hf(-T(8, X k ,d + hi)) - h">(-T(8, S a , £))) 

+ (p A f(s, x k ,x k (u k (s)), 9 + hi)- D 4 f(s, x s ,x(u(s)), 9)) h e , s G [0, a]. 
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Relations (3.1), (3.2), (3.4) and the Mean Value Theorem give 

\x k (u k (s)) -x{u(s))\ < \x k (u k (s)) -x(u k (s))\ + \x{u k (s)) -x(u(s))\ 

< L\h k \ r + N\ U k (s)-u(s)\ 

< K 2 \h k \ r , (4.18) 

with K 2 := L + NKq, 

\x k s - x s \c + \x k {u k {s)) - x(u{s))\ + \h{\ e < K 3 \h k \ r , (4.19) 
with K 3 := L + K 2 + 1, and 

\x k -x s \ c + \hl\ E < {L + l)\h k \ T . (4.20) 

Combining the above estimates with (Al) (ii), (A2) (ii), (3.1), (3.2), (3.4) and the definition of 
£lf and £l T we get 

\L{s, x k )(h^, h e , h?) - L{s, x)(h v , h e , h*)\ 

< Sl f (K 3 \h k \ T ) \hT\c + Sl f (K 3 \h k \ T )NL 2 {\h?\c + \h^ | s ) 

+L 1 L\h k \ T L 2 (\h^\ c + \h%) + L^x^is)) - x{u{s))\L 2 {\h?\c + \h%) 

+L 1 Nn r ((L + l)\h k \ v )) {\h?\ c + \h%) +Sl f (K z \h k \ T ) \h?\ c 

+L l \h^K a \h k \ T + ^ f [K 3 \h k \^\h e \ e , se[0,a], 

which yields (4.17) with c 0jfc := N n f (jC 3 \h k \r^ + L x L 2 L\h k \ v + L X NVL T ((L + l)|/ifc|r) + 
LiK \h k \r, where N is defined by (4.12). □ 

Lemma 4.5 Assume (Al) (i)-(iii), (A2) (i)-(v). Let 7 G P 2 , and x(t) := x(t,j) fort E [—r,a]. 
Let li£Cx!!xH and let z(t,j,h) be the corresponding solution of the IVP (4.13)-(4.14) on 
[— r, a] . Then the maps 

M x T d [0,a] x P 2 -> £(r,]R n ), (t, 7 ) h-> z(t, 7 ,-) 

and 

KxTD [0,a] xP 2 4£(r,C), (t, 7) ■-►**(■, 7,0 

are continuous. 

Proof Let 7 £ P 2 be fixed, and let = /ig, G T (jfe G N) be a sequence such that 
|/ifc|r ->• as fc ->• 00 and 7 + h fe G P 2 for k G N. For a fixed /i = (h^.h 9 ,^) G T we 
define the short notations x k (t) := x(t,j + x(t) := x(t,j), u k {t) := t — T(t,x k ,£, + h^.), 
u(t) :=t-T{t,x t ,C), z k > h {t) := z(t,j + h k ,h) and z h (t) := z(t,^,h). The functions z k > h and z h 
satisfy 

z k > h (t) = h v (0) + [* L(s,x k )(z*' h ,h e ,ht)ds, t€[0,a], 
Jo 

z h (t) = ^(0)+ [ L(s,x)(z^,h e ,h^ds, t€[0,a], 
Jo 
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and therefore for t € [0, a] 

|z*> h (i) - < jT| (L( S , x fc ) - L( S , x)) ^, tf) + L( S , * fc )(^ - 0, 0) | ds. (4.21) 

We have by (4.16) and N 2 > 1 

\(z*,h e ,ht)\r<N 2 \h\r + \h e \e + \ht\E < (N 2 + l)\h\ r . (4.22) 
Then (4.11), (4.17), (4.21) and (4.22) imply 

\z k > h (t) - z h (t)\ < Cl , k \h\ T + f LxN^-z^cds, te[0,a], (4.23) 

JO 

where C\ jk is defined by 

ci, fc := aco, fc (iV 2 + l) + LiL2(iV2 + l) / |x(u fc (s)) - x(u(«))| ds. 

JO 

Relation 3.5 and Lemma 2.8 yield that 

lim / \±{u k {s)) -x{u(s))\ds = 0. (4.24) 

Hence c\ k — > as A; — > oo. 

Lemma 2.1 is applicable for (4.23) since \z^ h — Zq\c = 0, and it gives 

\z k > h {t)-z h {t)\<\z k t > h -z 1 }\c<c 1 , k N 1 \h\ r , te[0,a], (4.25) 
where Ni := e LlN{)OL . Therefore we get for t € [0, a] 

\z(t,j + h k , •) - z(t,j, ■)\c(w 1 .°°,R") < \zt(-:7 + h k, •) - z t (;j, -)\c{w^,C) < cijNi (4.26) 
for all fceN. 

Let t G [0, a] be fixed, and let v k be a sequence of real numbers such that t + v k G [0, a] for 
€ N and v k — > as k — > oo. Then (4.16) and the Mean Value Theorem yield 

kt+z, fc (-,7 + %,-) -^(•,7 + ^fc,-)|£(r,C) < N 2 |f fe |, k > /co- 
Combining this relation with (4.26) and c\ tk — > we get 

+ v k ,j + h k , •) - ^(t,7, -)|/:(r,R") 

< \zt+v k {-,l + h k ,-) -z t (-,j, -)\c(r,c) 

< \z t +u k (-,l + h k ,-) - z t (-,j + h k ,-)\ C (T,C) + \z t {-,l + h k ,-) - z t (-,j,-)\c(r,C) 

< N 2 \y k \ + ci M N 1 
— >■ 0, as k — » oo. 

This completes the proof. □ 
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Remark 4.6 Note that if in the statement of Lemma 4.5 the parameter set P 2 is replaced by 
the smaller set Pi, then assumptions (A2) (iv) and (v) are not needed to prove the statement, 
since in this case (3.4) and Lemma 2.3 can be used to show that ci : k — >■ as k — » oo. 



Now we are ready to prove the Frechet-differentiability of the function x(t, 7) wrt 7. We will 
denote this derivative by D 2 x(i,7). 

Theorem 4.7 Assume (Al) (i)-(iii), (A2) (i)-(v), and let P 2 be defined by (4.9). Then the 
functions 

lxr3[0,a]xP4l", (t, 7) i-> x(t, 7) 

and 

K x T D [0,a] x P -»• C, (t,7) H- ^(-,7) 
are &oi/i differentiable wrt 7 /or ewery 7 G P 2 , and 

P> 2 x(i, 7 )/i = z(t, 7, /i), /i G T, t £ [0, a], 7 € P 2 , (4.27) 

and 

D 2 x t {; 1 )h = z t {; 1 ,h), heT, t€[0,a], y€P 2 , (4.28) 

where z(t,j,h) is the solution of the IVP (4.13)-(4.14) for t G [0, a], 7 G P 2 ana 1 /i G I\ 
Moreover, the functions 

R x r D [0, a] x P 2 -> £(r, M n ), (t, 7) D 2 x(i, 7) 

and 

RxTD [0,a] xP 2 ^£(r,C), (t, 7 ) ^Z? 2 x t (-, 7 ) 

are continuous. 

Proof Let 7 = (if, 0, £) G P 2 be fixed, and let hk = /if) G T (k G N) be a sequence with 

l^felr -> as fc -> 00 and 7 + G P for k G N. To simplify notation, let x fc (i) := x(t, 7 + 
x(i) := x(t, 7), := s — t(s, x s ,£), u fc (s) := s — r(s, xf, £ + /if) and z /lfe (t) := 7, Then 

x fc (t) = y,(0) + fc£(0)+ f f(s,x k s ,x k (u k (s)),e + h e k )ds, te[0,a], 

Jo 

x{t) = <p(0)+ f(s,x s ,x(u(s)),6)ds, t€[0,a], 
Jo 



and 



We have 



A(t) = /#(0) + f L{s,x){z h s \h{,hl)ds, te[Q,a\. 
Jo 

\t)-x{t)-z h "{t) = J*(f(s,x k s ,x k (u k (s)),6 + hi)-f(s,x s ,x(u(s)),6) 

-L(s,x)(z^,hi,hl))ds. (4.29) 
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The definitions of ujf and L(s,x) (see (4.3) and (4.10), respectively) yield for s G [0, a] 

f(s, x k ,x k (u k (s)), 9 + h e k ) - f(s, x s ,x(u(s)), 9) - L(s, x){z h s k , h e k , hi) 
= D 2 f(s, x s ,x(u(s)),6)(x k s -x a - z h s k ) + D 3 f(s, x s , x(u(s)), 9) (x k {u k {s)) - x{u(s))) 

+ D 3 f(s, x s , x(u(s)),6) (x(u(s)) (d 2 t(8, x s ,e>z h s * + D 3 t{s, x s ,04) - z h K(u( S ))^J 
+ uj f {s,x s ,x{u{s),9,x k ,x k {u k {s)),9 + h k ). (4.30) 
Relation (4.4) and simple manipulations give 

x k (u k (s)) - x(u(s)) + x(u(s)) (d 2 t(s, x s ,0z^ k + D 3 r(s, x s ,04) - z hk (u(s)) 

= x k (u k (s)) - x(u k (s)) - z hk {u k {s)) + x{u k {s)) - x{u{s)) - x{u{s)){u k {s) - u(s)) 
-x(u(s))uj T (s,x s ,Z,x k ,Z + hl)-x(u(s))D2T(s,x s ,Z)(x k -x s -z% k ) 
+z hk {u k {s))-z hk {u{s)). (4.31) 

Relation (3.4) and (4.16) imply 

\z hk (u k (s)) - z hk {u(s))\ < N 2 \h k \ r \u k (s) - u(s)\ < N 2 K \h k \ 2 r . (4.32) 

Using (3.1), (Al) (ii), (A2) (ii), and combining (4.29), (4.30), (4.31) and (4.32) we get 

\x k {t) -x(t) -z hk {t)\ 

< J* [L^X* -X a - Z hk \ C + \x k (u k ( S )) - X(u k (s)) - Z hk ( U k (s))\ 

+ \x(u k (s)) - x(u(s)) - x(u(s))(u k (s) - u(s))\ 

+ N\u T (8,x a ,S,a*,S + hl)\ + NL 2 \x k - x s - z h s k \ c + N 2 K \h k \^j 

+ \uj f {s,x s ,x(u{s)),9,x k ,x k (u k (s)),9 + h 9 k )\ ds, t€[0,a]. (4.33) 
Let A be defined by (4.12). Then 

\x k {t) - x(t) - z hk (t)\ < a k + b k + c k + d k + LiN [ \x k - x s - z hk \ c ds, te[0,a], (4.34) 

Jo 

where 



a k := / \u f (s,x s ,x{u(s)),9,x k ,x k {u k {s)),9 + h e k )\ds, (4.35) 
J o 

pa 

b k := L ± N \uj T (s,x s ,Z,s,x k ,Z + hi)\ds, (4.36) 
J o 

pa 

c fc := Li / \x(u k (s)) -x(u(s)) - ±(u(s))(u k (s) -u(s))\ds, (4.37) 
Jo 



and 



4 := aN 2 K \h k \l (4.38) 
Since \x k — xq — zq\c = 0, Lemma 2.1 is applicable for (4.34), and it yields 

\x k {t) - x(t) - z hk {t)\ < \x k -x t -zt\ c < {a k + b k + c k + d k )N 1: t e [0, a], (4.39) 
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where N\ := e L i N o a ^ anc [ hence 

|**(t) - xit) - zHt)\ < \4 - xt - zhc ^a k + b k + c k +dkNu te[Mj (44Q) 



l^fclr |%|r ~~ |^fc|r 

which proves both (4.27) and (4.28), since Lemmas 4.1, 4.2 and (4.38) show that 

hm °* + &* + <* + <** = 0. (4.41) 
fc— >oo |<ifc|r 

The continuity of L> 2 x(t,7) follows from Lemma 4.5. □ 



Remark 4.8 We comment that if in the statement of Theorem 4.7 the set P 2 is replaced by 
Pi, the statements are valid without assumptions (A2) (iv) and (v). To see this we refer to 
Remark 4.6, and in the proof of Theorem 4.7 we use Lemma 4.1 of [12] to show that c k /\h k |r — > 
as k — >■ 00. We also note that continuous differentiability of x wrt the parameters holds in a 
neighborhood of 7, since P\ is open in P. See Theorem 4.7 in [12] for a related result. 



5 Second-order differentiability wrt the parameters 

To obtain second-order differentiability wrt the parameters we need more smoothness of the 
initial functions. Therefore we introduce the parameter set 

T 2 := W 2 '°° x G x S 

equipped with the norm \h\r 2 '■= {^^2,00 + \h \@ + \h^\~,. We will show in Theorem 5.17 below 
that the parameter map 

r 2 d (P 2 n r 2 ) r\ 7 ^x(t, 7 ) 

is twice differentiable at every point 7 G P 2 PI T 2 n V. The proof will be based on a sequence of 
lemmas. 

We assume throughout this section 

(H) 7 = {<p,o,t) e p 2 nr 2 , h = (w,h e ,hZ) g r, h k = {h^,h e k ,h{) e r (* e N) are so 

that |/i fc |r -> as fc ->• 00, 7 + /i fc G P 2 for A; G N, and \h k \v for k G N. Let 
x fc (t) := x(t,7 + /i fc ) and s(t) := x(i,7) be the solutions of the IVP (1.1)-(1.2), z k ' h (t) : = 
D 2 x(t,-f + /i fc )/i and z fe (t) := D 2 x(t,i)h be the solutions of the IVP (4.13)-(4.14). 
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The simplifying notations for t G [0, a] and k G N 



u(t) 


= t - r(t,x t ,C), 






= t-T(t,X k ,£ + hi), 




v(f) 


= (t,x t ,x(u(t)),d), 




v k (t) 


= (t,x k ,x h (u k (t)),e), 




A(t,h v ,h?) 


= D 2 T(t,x t ,0h v + D 3 T(t,xt,0ht, 




A k (t,W,hZ) 


= D 2 r(t, x k ,£ + hl)hf + D 3 r(t, x k ,£ + fifth* , 




E(t,h^,h^) 


= -xiuit^Ait,^,^) + /i v, (-r(i,x t ,£)), a.e. t€[0,a 




E k {t,K p ^) 


= -x k (u k (t))A k (t,h^,hZ) + h^{-T{t,x k ,Z + hl)), a.e. 


t G [0, a 


F(t,hr,h?) 


= -x(u(t))A{t,h v ,hS) + k p (-T(t,xt,g)), a.e. te[0,a 




F k {t,h v ,h ( ) 


= -x k (u k (t))A k (t,h^,h^ + h^(-r(t,x k ^ + hi)), a.e. 


i € [0, a 



will be used throughout this section. For simplicity of the notation we define ho := = (0, 0, 0) G 
r, and accordingly, x° := x, u° := u, z°' h := z h , A := A, E° := E. Note that in all the above 
abbreviations the dependence on 7 is omitted from the notation but it should be kept in mind. 
With these notations the operator L(t,x) defined by (4.10) can be written shortly as 

L(t, x)h = D 2 f(y(t))h* + D 3 f(y(t))E(t, h* , h?) + D 4 f(v(t))h e . 



Lemma 5.1 Assume (Al) (i)-(iv), (A2) (i)-(iv) and 7 = (<p,0,£) G P is such that tp G W 2 '°° . 
Then there exists K 4 = ^4(7) > such that the solution x(t) = x(t,j) of the IVP (1.1)-(1.2) 
satisfies 

\x(t) - ±(t)\ < K 4 \t - t\ fort,i€[-r,0) and t,i €(0,a]. (5.1) 
Moreover, if in addition 7 G V, then x G W 2,co ([—r,a],W l ), and 

\x(t) -x{i)\ < K 4 \t-i\ for t,i G [-r,a]. (5.2) 
Proof The Mean Value Theorem and the definition of the W 2 '°°-norm yield 

\x(t)-x{t)\ = \<p(t) -0(t)| < \(p\ W 2,oo\t-i\, t,i€ [-r,0). 

For t,i€ (0,a\ it follows from (Al) (ii), (iv), (A2) (ii), (iv), (3.1) and (3.6) with k = 

\x{t)-x{t)\ = \f(t,xt,x(u(t)),0)- f(i,xt,x(u{t)),9)\ 

< Li (|/ -t\ + \x t - xt\ c + \x{u(t)) - x(u(t))|) 

< L 1 (l + N + NL 2 (l + Nj)\t-i\. 

Hence (5.1) is satisfied with K 4 := max{\<p\ W 2,oo , Li[l + N + NL 2 (1 + N)}}. 

If 7 G V, then x is continuous, and (5.1) yields that it is Lipschitz continuous on [— r, a] with 
the Lipschitz constant K 4 , so, in particular, x G W 2 '°°([—r,a],M. n ). □ 
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Lemma 5.2 Assume (Al) (i)-(iii), (A2) (i)-(v), and (H). Then 

lim -i- f \x k {s) -x(s) -z hk {s)\ds = 0, (5.3) 

:^oo \h k \ r Jq 



fe^oo 

and 



lim -V I" \x k (u k {s))-±(u k (s))-z hk {u k {s))\ds = 0. (5.4) 
Proof Using (4.29), (4.33), (4.34) and (4.39) we get 

I" \x k (s)-x(s)-z hk (s)\ds 
Jo 

< J^L^a* -x s -z h s k \ c + \x k {u k {s)) -x{u k {s)) -z hk {u k {s))\ 

+ \x{u k (s)) - x{u(s)) - x(u{s)){u k (s) - u{s))\ 

+ N\u T {s, x s , £, x k , £ + + NL 2 \x k -x a - z hk \ c + N 2 K \h k \l) 



+ |w/(s, x„ x(«(s)), 0, x k ,x k (u k (s)),e + 

< a k + bk + c k + dk + L X N \ \x k - x s - z h s k \ c ds 

J 



ds 



'o 

< (o fc + 6 fc + c fc + d fc )(l + LiJV JViQ!), 

where a^, and d k are defined by (4.35)-(4.38), respectively. Then (5.3) is obtained from 

(4.41). 

Relation (5.4) follows from (5.3), x k (s) - x(s) - z hk (s) = for s G [— r, 0], \x k (s) — x(s) — 
z hk (s)\ < {L + N 2 )\h k \ T for s G [-r,0], and Lemmas 2.9 and 3.3. □ 



Lemma 5.3 Assume (Al) (i)-(v), (A2) (i)-(vi), (H) and 7 G V. Then there exists N4 = 
-^4(7) > such that 

\z h (s) - z h (s)\ < N 4 \h\r 2 \s - s\, for s,se[-r,0) and s, sG(0,a], heT 2 . (5.5) 

Proof For h G T 2 , i.e., G TF 2 '°°, the function /i 1 ^ is continuous, and for s, s G [— r, 0) 

\z h (s) - z h (s)\ = |/^(s) - A^(s)| < |^| W 2,oo|a -s\< \h\r 2 \s - s\. 

Since 7 E ?, L(s, x) is defined and continuous for all s G [0, a], so is continuous on (0, a]. 
For 8,a G (0,a] (4.11) and (4.13) imply 

|i*( a )-ift(s)| = \L(s,x)(z*,h e ,ht)-L(s,x)(z*,h e ,ht)\ 

< \[L( S ,x) - L(s,x)](z^h e ,hZ)\ + \L(s,x)(z* - 4,0,0)| 

< \[D 2 f(v(s)) - D 2 f(v(s))]zs\ + |[A»/(v(a)) - D 3 f(v(8))]E(s,z*,h*)\ 
+\D 3 f(v(s))[E(s, zt h*) - E(s, 4, ht)]\ 

+\[D 4 f(-v(s)) - D 4 f(v(s))}h e \ + LxiVokJ - 4lc (5.6) 
We have by (3.1) and (3.6) with k = for s, s G [0, a] 

|v(s) - v(s)| < |s — s| + \x s - x s \c + \x(u(s)) - x(u(s))\ < K 5 \s - s\ (5.7) 
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and 

\(8,x a ,0-(8,x s ,0\<(l + N)\s-8\ (5.8) 

with K 5 := (1 + N + NL 2 (1 + N)) and (1 + N) := 1 + N. Let L 3 := L 3 (a, M u M 2 , M 3 ) and 
L 5 := L 5 (a,Mi,M 2 ,M 3 ) be denned by (Al) (v) and (A2) (vi), respectively. 
The definition of A, (A2) (ii) and (4.15) give 

\A( S ,z^h^\<\D 2 T(s,x s ,Oz^\ + \D 3 T(s,x s ,0^\<K (i \h\r, sG[0,a], Ai G T, 7 G P 2 (5.9) 

with K 6 := L 2 (N 1 + 1), and by using (A2) (ii), (vi), (4.15), (4.16), (5.8) 

\A(8, zt h?) - A(s, zlh*)\ < | [D 2 r(s, x 9 ,Q- D 2 r(s, x s , I + \D 2 r(s, x 9 , [z h s - z%] \ 

+\[D 3 t{s,x s ,0 - D 3 T(8,X S ,0]h?\ 
< K 7 \s - s\\h\ T , s,s G [0,a] (5.10) 

with K 7 := L 5 (l + iV)JVi + L 2 N 2 + L 5 (l + N). Relations (3.1), (4.15) and (5.9) yield 

1^(8,^,^)1 < \±(u(s))\\A( S ,zt^)\ + \z h (u(s))\ 

< K 8 \h\ r , s G [0,a], h G T, 7 G P 2 (5.11) 

with K 8 := iVivTe + AT 1; and using (3.1), (3.6) with jfe = 0, (4.16), (5.2), (5.9) and (5.10) 

\E(s,z*,ht)-E(8,zlhfi)\ 

< |[^u( s ))-±(u(s))]A^ 
+ \z h {u(s)) - z h (u{s))\ 

< K 9 \s-s\\h\ r , a,s€[0,a] (5.12) 

with K 9 = K 9 (j) := K A L 2 {1 + N)K 6 + NK 7 + N 2 L 2 (1 + N). Then combining (5.6) with (5.7), 
(5.11) and (5.12) yields 

\z h (s) - z h (s)\ < (LsA^i + L 3 K 5 K 8 + L X K % + L 3 K 5 + ^NqN^s - s\\h\ r 

for s, s G [0, a] and fteT. Hence N 4 := max{l, L 3 K 5 Nx + L 3 K 5 K 8 + Li^ 9 + L 3 K 5 + LiAT jV 2 } 
satisfies (5.5). □ 



Lemma 5.4 Assume (ylij (i)-(v), (A2) (i)-(vi), (H) and-/ G V. Then 

lim sup T -J— ^ \z h {u k {s)) -z h {u{s))\ds = 0. (5.13) 
fe^oo h^ ft r 2 Jo 

her 2 

Proof Since 7 G P 2 and «(0) < 0, it follows that u has finitely many zeros on [0, a]. Let 

< si < s 2 < ■ ■ ■ < se < a be the mesh points where u(si) = 0, < e < min{sj + i — Sj : 
% = !,...,£ — l}/2 be fixed, and introduce s[ := minjsj + e,a} and s'( := maxjsj — e, 0} for 

1 = 1, . . . , s := 0, s" +l := a, and let 

M : = min min |w(s)|. 
i=i,...,<-i a e[ a {,< +1 ] 
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We have M > 0. Relation (3.4) yields that there exist ko > such that \u k — ii|c([o,a],R) < -y 
for k > ko. Then for k > k it follows |u fc (s)| > 4^- for s G and i = 0,...,£. Note 

that h G T2 and 7 G T 3 yield i' 1 is continuous on [— r,0) and (0, a], and (4.16) implies |i^(.s)| < 
N 2 \h\ r < N 2 \h\r 2 for s + 0. Therefore |i ft (u fc (s))| < iV 2 |/i|r 2 for a.e. s G [0,a], since, by 
assumption (H), 7 + € P2, hence u fc G PAl([0,a], [-r,a]). Then (3.4), (4.16) and (5.5) yield 

I" \z h {u k {s)) -z h (u{s))\ds 
Jo 

< £ riwwji + i^ctiwjncfa+x; P +1 \i h (u k (s))-z h {u( S ))\d S 

i=l u s i i=0 ^ 

< A£eN 2 \h\r 2 + (e + l)aN 4 K \h\r 2 \h k \ T . 

This concludes the proof of (5.13), since e > can be arbitrary close to 0. □ 



Lemma 5.5 Assume (Al) (i)-(v), (A2) (i)-(vi), (H) and 7 G T 3 . Then 

lim sup -j— / |^(« fe (s)) - -i /l (n(s))(u fc (s) -u(s))|ds = 0. (5.14) 
fc^oo h^ |n|r 2 IMr Jo 

her 2 



Proof Let Sj,s£,s", £, e, M and ko be defined as in the proof of Lemma 5.4. Then \u(s) + 
u(u k (s) — u(s))\ > 4^-, and u(s) and u(s) + u{u k {s) — u(s)) are both either positive or negative 
for s G [aj, sf +1 ], 1/ G [0, 1] and i = 0, . . . ,£. Therefore (3.4) and (5.5) yield 

\z h (u{s) + v{u k {s) - u{s))) - z h {u(s))\ < N 4 \h\ r2 \u k (s) - u(s)\ < N 4 K \h\r 2 \h k \ r . 
Hence, using Fubini's Theorem, (3.4) and (4.16) we have 

\z h {u k {s)) - z h {u{s)) - z h {u{s)){u k {s) - u{s))\ds 

Jo 

£ rs'- 

-2 / \\ zh (u k (s)) - z\u(s))\ + \z h (u(s))\\u k (s) - u(s))\y s 
1=1 J s i 

1 r s " 1 

+ £ / I+ \z h {u k {s)) - z h {u{s)) - z h {u{s)){u k {s) - u{s))\ds 

.: n J s[ 



1 = S « 

< AelN 2 Ko\h\ r \h k \ T 

+ V / 1+1 / [z h (u(s) + u(u k (s) -u{s))) - z h {u{s))][u k {s) -u{s)]du a, 
i=0 ^ ^ 

< AeiN 2 Ko\h\ T \h k \ T 

-1 rs " 



+Ko\h k \ v Y] f f %+1 \z h {u{s) + v{u k {s)-u{s)))- z h {u{s))\dsdu 

i=0 J ° Js 'i 

< 4e£N 2 Ko\h\r 2 \h k \ T + K^(£+l)aN 4 \h\r 2 \h k \l. 
This completes the proof of (5.14), since e > is arbitrary close to 0. □ 
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Lemma 5.6 Assume (Al) (i)-(iii), (A2) (i)-(v), (H). Then 

1 



1 f a 

lim sup — — / \z k > h (s) - z h (s)\ ds = 0, 
k^oo h^o \h\r Jo 

her 



(5.15) 



and 



lim sup — \ ^ \z k ' h (u k (s)) - z h {u k {s)) - [z Kh {u{s)) - z h {u{s))]\ds = 0. (5.16) 
k^oo \h\ r ^o \h\r\hk\r Jo 

Proof For s G [0, a] combining (4.11), (4.13), (4.17), (4.22) and (4.25) we get 

\z k ' h (s) - z h (s)\ 

< \L(s,x k )(z k > h - 4,0,0)| + \(L(s,x k ) - L(s,x))(z*,h e ,ht)\ 

< ^Noc^N^hlr + c , k (N 2 + l)\h\ r + L X L 2 {N 2 + l)\x(u k (s)) - x{u(s))\\h\ r . 



Hence Lemmas 2.8 and 3.3 yield (5.15). 
Define the functions 



f K \s) :-- 



z k > h (s) - z h {s)\ 



and the set H := {h G T : h ^ 0}. Note that (4.11), (4.13) and (4.15) yield \z k ' h (s)\ = 
\L(s,x k )z k ' h \ < L^oN^hlr ioi k G N and s G [0, a], so \f k ' h (s)\ < 2^^^ for a.e. s G [-r,a], 
k G N and h e H. Then it follows from (5.15), z k > h {s) -z h {s) = for s G [— r, 0], and Lemmas 2.9 
and 3.3 that for any fixed v G [0, 1] 

lim sup _L r i fc ^L( s ) + zy(n A; (s)-u(s)) N ) -i h fu(s) + z/(u fc (s)-n(s)) N ) ds = 0. (5.17) 

her 

(3.4) and Fubini's Theorem yield 

^ \z k ' h {u k {s)) - z h {u k {s)) - [z k > h (u(s)) - z h {u(s))]\ds 
Jo 







■fc,/l 



(u(s) + v{u k {s) - u(s))) - i fe (u(s) + ^(n fc (s) - u(s))) 



(is 



x[w fc (s) - u(s)] 

< K \h k \ r £ £\z k > h (u(s) + u(u k (s) - u(s))) - z h (u(s) + u(u k (s) - u(s))) 
Therefore (5.17) and the Dominated Convergence Theorem imply (5.16). 



ds du. 



□ 



Introduce the notation 

p k {t) :=x k {t)-x{t)-z h "{t). 
Then, under the assumptions of Theorem 4.7, (4.40) and (4.41) give 

\p k (s) I 
lim max — = 0. 

To linearize equation (4.13) around a fixed solution z we will need the following results. 



(5.18) 
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Lemma 5.7 Assume (Al) (i)-(v), (A2) (i)-(vi), (H) and 7 G V. Then 
(i) 

u k (s)- U (s) + A(s,z^,hi) = g k ( S ), sg[0,o], (5.19) 

where 

9o( s ) ■■= -w T (a, z s , £, a£ , £ + hi) - D 2 t(s, x s , £)pj 

satisfies 

lim -L. [ a \g%(s)\ds = 0; (5.20) 

r»; 

x VOO) - - 4* , hi) = g k (s), s G [0, a], (5.21) 



where 



g k (s) := p k (u k (s)) + x(u fe (s)) - x(u(s)) - x(u(s))(« fe (s) - u(s)) + x(u(a))^(a) 



satisfies 



lim -J- r\g k (s)\ds = 0; (5.22) 



and 

fmj i/ hk G T2 /or fcgN, then 

x k (u k (s)) - x(u(s)) - F( 8 ,z**,hi) = gl(s), s G [0,a], (5.23) 

u>/iere 

^(s) := x fc (n fc (s))-x(u fc (s))-i /lfc (« A; (s)) + i^(^(s))-^ fe («(s)) 
+x(u fc (s)) - x(u(s)) - x(u(s))(u k (s) - u(s)) 

-x(u(s))lo t (s, x s ,£,,x k ,£ + hi) - x(u(s))D 2 t(s, x s ,£)p k 

satisfies 

lim -J— r\g k (s)\ds = 0. (5.24) 

Proof The definition of w T and ^4 imply 

u k ( S )-u(s) + A(s,z^,hl) 

= -[r(a, a:J, f + - r(s, x s , £) - £> 2 r(s, x s , 0(4 - x 8 ) - D 2 t(s, x 9 ,S)h{] 
-D 2 T(s,x s ,0(x k -x s -z h s k ), s G [0,a], 

which shows (5.19). (5.20) follows from \D 2 t(s, x s , 0\c(C,R) < L 2 for s G [0,0;], (4.8) and (5.18). 
Relation (4.31) and the definition of g\ yield (5.21). We have by (3.1) and (4.32) 

PCX. 

\g\(s)\ds < a max \p k (s)\ + / \x(u k (s)) - x(u(s)) - x(u(s))(u k (s) - u(s))\ ds 
se{-r,a] J 



+N [ a \g k (s)\ds + aN 2 K \h k 
Jo 



2 

r- 
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Therefore (5.18), (5.20), and Lemmas 4.1 and 3.3 yield (5.22). 

Simple computation and the definition of g k imply (5.23) immediately. Note that 7 G V yields 
that x is continuous on [— r, a], and tp G W 2 '°° and Lemma 5.1 imply that x G W 2,OD ([—r, a], W 1 ). 
Then (3.5) and Lemma 4.1 with y = x yield 

1 f a 

lim — — / \±(u k (s)) -x(u(s)) - x(u(s))(u k (s) -u(s))\ds = 0. (5.25) 
fe^oo \h k \r J 

We have by (5.1) and Lemma 2.7 that \x(u(s))\ < K4 for a.e. s G [0, a], therefore 

|flr§(s)|ds < [ a \x k (u k (s))-x(u k (s))-z hk (u k {s))\ds 
Jo 

+ f \z hk (u k (s)) - z hk (u(s))\ds 
Jo 

pa 

+ / \x(u k (s)) - x(u(s)) - x(u(s))(u k (s) - u(s))\ ds 
Jo 

ret 

+K 4 / \u T (s,x s ,^,x k ,ti + hi)\ ds + aK 4 L 2 max \p k \c- 
Jo se[0,a] 

Hence (4.8), (5.4), (5.13), (5.18) and (5.25) imply (5.24). □ 
We define the notations 

:= D 2 -r(s, v?, f )V - D 2 t(s, tp, £)ip - D 2 2t(s, tp, tp - <p) - D 23 t(s, tp, £ - £) 

:= -D 3 t(s, v?, Ox ~ D 3 t(s, p, £)x - D 32 t(s, tp, f ) (x, tp - <p) - D 33 t(s, tp, f ) (x, £ - £) 
for s G [0, a], fii, £,£ € ^4, tp £ C and % G S. 

Lemma 5.8 Assume (A2) (i)-(vii) and (H). Then 

1 f a 

lim sup / |w D2T (s,x s ,£,xJ,£ + /4,4' fe )l^ = 0, (5.26) 

her 

and 

1 f' a 

lim sup / |w£> 3T (s,:E s ,£,z£,£ + ftj[,ft f )|ds = 0. (5.27) 

fe^oo h ^o |ftjr|ftfc|r Jo 

her 

Proof Let L 5 = L 5 (a,M 1 ,M 3 ) be defined by (A2) (vi). Then (A2) (vi), (3.2), (4.15) and 
(4.20) yield for s G [0, a] 

\D 2 T{s,x k ,t + hl)z k > h - D 2 r(s,x s ,0z k ' h \ < L 5 (L + l)iVi|/i fc | r |/»|r, 
\D 22 T(s,x s ,0{z k ' h ,x k -x s ) < L 5 iViL|ft|r|ft fc !r, 
\D 23 T(s,x s ,0(z k s ' h ,hl) < L 5 iVi|ft|r|ftfe|r, 

and hence, 

\uJD 2 r{^x s ,^x k s ,i + hl,z k ' h )\ < 2L 5 (L + l)iVi|ft fc |r|ft|r, *G [0,a]. 
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On the other hand, for s G [0, a], k G N and O/liGT such that \x k — x s \c + |^||r / and 
sumption (A2) (vii), (3.2) e 

\aj D , 2T (s,x s ,£,x k ,£ + h\,zl 



\zs ,h \c / 0, assumption (A2) (vii), (3.2) and (4.15) yield 



SU P \u\ \u I 

\h\ T ^o \n\r\nk\T 

\uj D2T (s, x s ,£,x k ,£,+ hi, Zs' h )\ {\x k s - x s \ c + \hl\ r )\zs' h \c 



\hk¥0 (\x k s -x s \ c + \h{\v)\z k s' h \ c \h\v\h k \v 



< (L + l)iVi sup 



\u> D2T (s,x s ,£,x k ,£ + hl,Zs' h )\ 



\h\ T ^o (\x k - x s \c + \hl\r)\z s ' \ c 
-> 0, k ->■ oo. 

Note that for s,k and h such that \x k — x s \c + l^fjr = or |zs ,/l |c* = 0, \oje> 2T (s, x s , £, x k , £ + 
hl,Zs' h )\ = 0. Therefore the Dominated Convergence Theorem implies (5.26). 

The proof of (5.27) is similar. □ 

For a.e. s£ [0, a], h, y G T we introduce the bilinear operators by 

G(s)((hV, ^), (yf, tf)) := D 22 r( S , x s , £)</^, ^) + £>2 3 r(s, x„ £)<^, 

+ j D 32 t(s, x s , 0(/» € , V 9 ) + D 33 r(s, x a ,Z){ht,tf), 

H(s)((hV, ht), (yr, /)) := -A(s, h", h?)F{s, v*, /) - x(u(s))G(s)((h^ , ht), (yV, /)) 

-^(-r( S ,ar 8 ,0)A(5,^,^), 

and 

B(s)(h,y) := D 22 f(^ S ))(h^ y ^+D 23 f(v( S ))(h^E(s, y ^ y ^)+D 24 f(^ S ))(h^ y ^ 
+D 32 /(v(a))(£;(5, h">, ht),y">) + D 33 f(v(s))(E(s, h*>, h*),E( 8 , y v ,y^)} 
+D 34 f(v(s))(E(s,hf>,hS),y d ) + D 42 f(-v(s))(h d ,yf>) 
+D 43 f(v(s))(h e , E(s, yVrf)) + D 44 f( V (s))(h e , y e ) 
+D 3 f(v(s))H(s)((h^,hZ),(y^,yZ)}. 

Note that G, H and correspond to 7, but this dependence is omitted for simplicity in the 
notation. 

For 7 G P 2 consider the corresponding solution x of the IVP (1.1)-(1.2), and let z h and z v 
be the solutions of the IVP (4.13)-(4.14) corresponding to a fixed h, y G T. We consider the IVP 

w(t) = L(t,x)(w t ,0,0) + B(t)((zth e ,ht),(zly e ,yt)), a.e. t€[0,a], (5.28) 
u;(t) =0, t G [-r,0]. (5.29) 

The IVP (5.28)-(5.29) is a Caratheodory type inhomogeneous linear delay system with time- 
dependent but state-independent delays. It is easy to see that under assumptions (Al) (i)— (vi), 
(A2) (i)-(vii) the IVP (5.28)-(5.29) has a unique solution on [— r, a], which will be denoted by 
w h ' y (t) := w(t, 7, h, y). It is easy to see that r x T — > M. n , (h, y) i-> w(t, 7, h, y) is a bilinear map 
for a fixed t G [0, a] and 7 G P 2 . In Lemma 5.13 below we will show that this bilinear map is 
bounded. 

We need the further notation 

q k > h (s) := z k ' h {s) - z h {s) -w h ' hk {s), s£[-r,a}. 
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Lemma 5.9 Assume (A2) (i)-(vi) and (H). Then there exists K±q > such that 

\A k (s,zi' h ,hZ) - A(s,zi> h ,hZ)\ < K w \h\ r \h k \ r , sG[0,a], k G N, j G N , (5.30) 

and there exists a sequence c 2:k > satisfying c 2jk — ^ as k — > oo suc/i that 

\A k (s,z k s '\ht)-A(s,z*,ht)\<c 2 , k \h\ r , sG[0,a], kGN. (5.31) 

Proof Let L 5 = L 5 (a, Mi, M 3 ) be defined by (A2) (vi). To show (5.31) we use (3.2), (4.15), 
(4.20) and (A2) (vi) to get 

\A k (s,zi> h ,ht)-A(s,4 h ,ht)\ 

< \D 2 r(s, x k ,H + hi)zi' h - D 2 r(s, x s ,04' h \ + \D 3 r(s, x k ^ + h{)h^ - D 3 r(s, x s ,0^ | 

< L 5 (L + l)|/ ifc | r Ari|/i|r + L 5 (L + l)|%|r|/i|r, s G [0, a], G N, j G N , 
which yields (5.30). Using (4.25), (5.31) and (A2) (ii) we get 

\A k {s,z k '\ht)-A{s,z h s rf)\ 

< \A k (s, z k >\ h*) - A(s, z k > h , h?)\ + \A(s, z k > h , h*) - A(s, z h s , h?)\ 

< K w \h\ r \h k \ r + \D 2 T(s,x s ,0(z k s ' h - z h s )\ 

< K 10 \h k \T\h\T + L 2 c ltk N 1 \h\r, s G [0, a], A; G N, 

therefore (5.31) holds. □ 

Lemma 5.10 Assume (Al) (i)-(v), (A2) (i)-(vii), (H) andjeV. Then 

A k (s, z k >\ It) - A(s, z s \ tf) - G(s)((zZ, h*), , h{)) - A(s, w h s ^ , 0) 

= A(s,q k ' h ,Q)+g k ' h (s), s G [0, a], h G I\ k G N, (5.32) 



where 



satisfies 



g k > h (s) := D 22 r(s,x s ,0(z k s ' h -z^x k s -x s ) + D 22 r(s,x s ,0(ztp k s) 
+D 23 t(s, x s ,0{z k ' h - z h s , hi) + D 32 t(s, x s ,0{ht,p k ) 
+w D2T (s, x s ,^x k ,t + hl, z k ' h ) + u D3T (s, x s ,C,x k ^ + hl,h^) 

1 f a 

lim sup / | 5 3' h (s)|ds = 0; (5.33) 

fe^oo \n\r\n k \r Jo 



and if h k G T 2 for k G N, i/ien 

£ fc (s, ^) - E(s, zt h*) - H(s){(z^ h*), (z^ , hi)) - E(s, w^,0) 

= E{s,q k ' h ,0) + gl' h {s), a.e. s G [0, a], h G T, k G N (5.34) 

with 

g k ' h (s) := -[± *(«*(«)) " x(u(s))p fc ( S , ^) - A(s, z k >\ h?)] - g k 2 (s)A(s, z k >\ ft) 
-±(u{s))g k >\s) + z k > h (u k (s)) - z h (u k (s)) - [z k > h (u(s)) - z h (u(s))} 
+z h (u k (s)) - z h {u{s)) - z h (u(s))(u k (s) - u(s)) 

+z\u(s))[u k (s) - u(s) + A(8,z^,4)) 
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satisfying 

1 f a 

, lim SU P uj — i7~1 — / \9A h (s)\ds = 0. (5.35) 
fe->oo h^o |n|r 2 |ftfc|r 2 Jo 

her 2 

Proof The definitions of A k , A,G, g 3 ' h ,wo 2T , W£) 3T and relation 

h*) - A(s, z h s , hi) - A(s, w h s ^ , 0) = A(s, z k > h - z h s - w h s ^ , 0) 

yield 

A k (s, z k > h , h?) - A(s, z h s , h*) - G{s){{z h s , hi), , /i|)} - A(s, w^,0) 

= A k {s, z k > h , h^) - A(s, zf\ h^ - G(s)((z%, hi), ^,h{)) + A(s, q k > h , 0) 
= D 2 t(s, x k ,ti + hi)z k ' h - D 2 t(s, x s ,i)z k > h - D 22 r(s, x s ,0 (z k ' h , x k - x s ) 
-D 23 t(s, x s ,0(z k s ' h , hi) + D 22 t(s, x s ,0{Zs' h ~ z h s , x k - x s ) 
+D 22 r(s,x s ,t)(z l :,p k ) + D 23 T(s,x s ,Z)(z*< h - z*,hl) 
+D 3 T(t,x k ,£ + hi k )hi -D 3 T(s,x s ,£)hi - D 32 T(s,x s ,Z){hi,x k -x s ) 
-D 33 r(s, x s ,0(hi, hi) + D 32 r{s, x s ,H){hi ,p k ) + A(s, q k s > h , 0) 
= A(s,q k > h ,0)+g k 3 > h (s). 
Let L 5 = L 5 (a,M 1 ,M 3 ) be defined by (A2) (vi). Then we have by (3.2), (4.15) and (4.25) 

/ \g 3 ,h (s)\ ds < aL 5 ci yk Ni\h\ r L\h k \r + aL 5 Ni\h\ r max \p k \ c + aL 5 ci )k Ni\h\ r \h k \r 

JO se[0,a] 



+aL 5 \h\ r max \p k s \c + / \u D2T {s,x s ,Z,x k ,t + h{,z*' h )\ ds 

se[0,a] Jo 

+ / \uD 3T (s,x s ,£,x k ,£ + hl,hi)\ds. 
Jo 



Hence c lyk ->• as k -> oo, (5.18), (5.26) and (5.27) imply (5.33). 
Relation 

E(s, z k ' h , hi) - E(s, z h s , hi) - E(s, , 0) = E(s, z k ' h - z h s - w h s > h « , 0) 
and the definition of E, E k and H give 

E k (s, z k >\ hi) - E(s, z h s , hi) - H{s)({z h s , hi), {z h s \hi)) - E(s, w^,0) 

= E k (s, z k ' h , hi) - E(s, z k > h , hi) - H{s)({z h s , hi), (z^ , h{)) + E(s, q k >\ 0) 
= -x k (u k ( y s))A k ( y s, z k ' h , hi) + x(u(s))A(s, z k ' h , hi) + z k ' h (u k (s)) - z k > h {u{s)) 
+A(s, z h s , hi)F(s, z h - , hi) + x(u(s))G(s)((zlhi), 
+z h (u{s))A{s,z^,hi) - E(s,q k > h ,0) 
= -[x k (u k (s))-x(u(s))][A k (s,z k > h ,hi)-A(s,z k > h ,hi)} 
-[x k (u k (s)) - x(u(s)) - F(s, z h s \hi)]A{s, z k >\ hi) 
-x(u(s)) [A k (s, z k > h , hi) - A(s, z k > h , hi) - G(s)((z* hi), (z^ , h*)) 

+z k ' h {u k {s)) - z h {u k {s)) - [z k ' h (u(s)) - z h (u{s))} 
+z h {u k {s)) - z h {u{s)) - z h {u{s)){u k {s) - u(s)) 

+z h (u(s)) (n fc (s) - u(s) + A(s, z h s «,hi)) +E(s, q k ' h , 0), 
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which, together with (5.23) and (5.32), yields (5.34). 

To prove (5.35) first note that by (3.2), (3.4) and (5.2) 

\x k (u k (s)) -x(u(s))\ < \x k (u k (s)) -x(u k (s))\ + \x(u k {s)) -x(u{s))\ 

< L\h k \ r + K±K \h k \ r . (5.36) 

Hence (5.30) and (5.36) give 

lim sup ) f \x k (u k (s)) - x(u( S ))\\A k (s,z k ' h ,hZ) - A( S ,z k ' h ,h^)\ds = 0. 
k^oo \n\r\tik\r Jo 

her 

Relations(3.1), (5.9), (5.24) and (5.33) imply for h k G T 2 for k G N 

lim sup 1 r\g k (s)A(s,z k s >\hZ)\ds< lim f \g k 2 (s)\ds = 

fe^oo h -to |n|r|ftfe|r 2 jo fe ^°° \ n k\r 2 Jo 

her 

and 



1 f' a N f' a 

Jim sup / |i(«( s ))^> h ( s )| da < lim / ds = 0. 

k^oo h ^o |n|r|"fe|r Jo k ^°° \ n \r\' l k\T Jo 

her 

The above limits and (5.14), (5.16), \z h {u(s))\ < N 2 \h\r 2 and (5.20) yield (5.35). 



□ 



Lemma 5.11 Assume (A2) (i)-(vii), (H) and 7 G V. Then there exist K\\ = If 11(7) > and 
a nonnegative sequence c^,k = c 3,fe(7) satisfying 03^ — > as k — > 00 suc/i t/iai 

|F(s,z s \/i 5 )| < Kn|/i|r, a.e. s€[0,a], her, (5.37) 
|£; fc (s,zJ' fc ,^) -£(s,^,/^)| < c 3 , k \h\ r , a.e. s G [0,a], k G N, (5.38) 

and, z/m addition, (A2) (viii) holds, there exists a nonnegative sequence = 04^(7) satisfying 
c±,k —> as — > 00 smc/i i/iai 

/ \F k (s,z kA ,h^)-F(s,z^,h^\ds < c^ k \h\r 2 , a.e. s G [0, a], A; G N, /i G T 2 . (5.39) 
■/ 

Proof The definition of -F, (5.1) and (5.9) imply immediately (5.37) with K\\ := K^Kq + 1. 

Relations (3.1), (3.2), (3.4), (4.15), (4.16), (4.25), (5.9), (5.31), (5.36) and (H2) (ii) yield for 
a.e. s G [0, a] 

\E k (s,z k > h ,ht)-E(s,z*,hS)\ 

< \± k (u k (s)) -x(u(s))\\A k (s,z*> h ,ht)\ 

+ \x(u(s))\\A k (s,z k > h ,hZ) - A(s,z*,ht)\ + \z k '\u k {s)) - z\u k {s))\ 

+ \z h (u k (s))-z h (u(s))\ 

< (L + K 4 K )\h k \ r K 6 \h\ r + Nc 2tk \h\ r + c^N^hlr + N 2 \h\ T K \h k \ r , 

which proves (5.38). 
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\F k (8,z$,h?)-F( 8 ,zZ,ht)\ 

< (\x k (u k (s)) ~ x(u k (s))\ + \x(u k (s)) - x(u(s))\) \A k (s, zt h*)\ 

+\£(u(s))\\A k (s,z*,ht) - A k {s,z h s rf)\ + \z h {u k {s)) - z h {u{s))\. 
For t G (0, a] we have by (A2) (viii) that 

\x k (t)-x(t)\ = \j t f(t,x k ,x k (u k (t)),e + h e k )-j t f(t,x t ,x(u(t)),9) 

< L 6 (\x k -x t \c + \h e k \e + \hi\ E ) 

< L 6 (L + l)\h k \ r . 

For t G [— r, 0) and h G T 2 we get 

-x(t)| = |^(*)| < |^fc|r a - 
Using that x G L°°([— r, a], R n ), similarly to (4.24) we can argue that 

PCX 

lim / \x(u k (s)) - x(u(s))\ ds = 0. 
k ^>°° Jo 

Then the above relations, < K± for a.e. s G [0, a], (5.9), (5.13) and (5.30) yield (5.39 )□ 



For a.e. s G [0, a], h,y and G N we introduce the bilinear operators by 

= D 22 t(s, x k ^ + hi){h*>, yf) + D 23 r(s, x k ,H + hl)(h">,yt) 

+D 32 r(s, x k ^ + hi){h*, yf) + D 33 r(s, x k ,t + hl)(ht,yt), 
= -A k (s,h^hZ)F k (s,y^yZ) 

-x k (u k (s))G k (s)((h^hS),(y*, y Z)) 
-h^-T(s,x k ,Z + hl))A k (s,yV,yt), 



G k (s)((W,ht),(y*,yt)) 
H k ( S )((h^,hZ),(y^,yZ)) 



and 



B k (s)(h,y) := D 22 f(v k (s))(h^y^) + D 23 f(v k (s))(h^E k (s,y^y^) 
+D 2i f(v k (s))(h^y e )+D 32 f(v k (s))(E k (s,h^hZ),y^ 
+D 33 f(v k (s))(E k (s,h^hZ),E k ( S ,y^yt)) 
+D u f(v k (s))(E k ( S ,h^hZ),y e )+D 42 f(v k (s))(h e ,y^ 
+D 43 f(v k (s))(h e ,E k (s, y*, /)) + D u f(v k (s))(h e ,y e ) 
+D 3 f(v k (s))H k (s)((h^hZ),(y^yt)). 



Lemma 5.12 Assume (Al) (i)-(vi), (A2) (i)-(vii). Then for every 7 G P 2 there exists K± 2 = 
^12(7) > such that 

\B( S )((zth e ,h^,(zy,y e ,y^)\<K 12 \h\ r \y\ r , a.e. se[-r,a], h,y G T, 7 G P 2 . (5.40) 
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If in addition (A2) (viii) holds, then for every 7 G P 2 fl V there exists a nonnegative sequence 
c 5,fc = c 5,k(l) such that — > as fc — >■ 00, an<i 

5 fc (*)<(^, ^, (z]f, /)) - B( a )<(^, h 6 , h*), ( Z y, y 9 ,yZ)) ds < c 5 , k \h\ T2 |y|r 2 , (5.41) 

/o 

for h,y G T 2 . 

Proof Let L3 = £3(0;, Mi, M 2 , M 3 ) and L5 = L§(a, M\, M4) be the Lipschitz constants from 
(Al) (v) and (A2) (vi), respectively. Then the definition of G, (A2) (vi) and (4.15) yield 

\G(s)((z*,ht),(zlyt))\ <4L 5 Nf\h\ r \y\ r , h,y G T, s€[0,a]. (5.42) 

Then definition of H, (3.1), (4.15), (5.1), (5.9), (5.37) and (5.42) imply 

\H( 8 )((z$,ht),(zVrf))\<K 13 \h\ r \y\r, h,y G I\ a.e. a€[0,a] (5.43) 

with K 13 = K 13 (j) := K 6 (K 4 K 6 + 1) + A4L 5 A 2 + K 6 . Therefore we have by the definition of 
B, (5.11) and (5.43) 

|B(a)<MI <L 3 (4 + 4K 8 + Kl + K 13 )\h\ r \y\r, a.e. a€[0,a], 

which, together with (4.22), yields (5.40). 

Define the set M| := {£} U : fc G N}. It is easy to show that M| C M 4 is a compact 
subset of S. Define 

^2,r(e) := max sup{|Air(s,V',??) - Air(s,V5,77)| £ 2 (XiXXji]R) : 

sG [0,q], ^ G Mi, 77, G M 4 *, |V> - + |r? - fj|s < e}, 

where X 2 := C and A3 := S. Assumption (A2) (vii) and the compactness of [0, a] x Mi x M| 
yields that fi 2 ,r(e) -> as e ->• 0+. Then (4.15) and (4.20) give 

|[G fe ( S )-G( S )]((4,^),(^,/))| < \[D 22 T(s,x k s ,t + hi)-D 22 T(s,x s ,0](ztz y s )\ 

+ \[D23T(S, X k s ,£ + hi) - D 23 T(S, X k s ,£ + 4)} (z*rf)\ 

+\[D 32 T(s,x k 8 ,Z + hi) - D 32 r(s,x k ^ + hl)](hS, z y)\ 
+\[D 33 t(s, x k ,Z + hi) - D 33 r(s, x k ,Z + hi)] (ht,yt) \ 
< fi 2 , r ((L + l)|^| r )(iVi + l) 2 |/ i | r |2/|r, se[0,a}. 

(5.44) 



Relations (3.1), (3.2), (3.4), (4.15), (4.16), (5.9), (5.30), (5.36), (5.37), (5.39), (5.42) and 
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(5.44) imply 

[ a \[H k (s)-H(s)}((z^hZ),(zy,yt)}\ds 
Jo 

< 



\[A k (s, zl h*) - A(s, z h s , h*)]F(8, Z y^)\ 

+ \A k (s,z ! :,hZ)lF k (s,zy,yt) - F(s, Z y,yZ)}\ 
+\[x k (u k (s))-x(u(s))}G k (s)((z*,ht),(zy,yt))\ 
+\i(u(s))[G k (s)-G(s)]((z*,ht),(zy,yt))\ 
+\[z h (u k (s))-z h (u(s))]A k (s,zy,yt)\ 

+ \z h ( U (s))[A k (s,zy,yZ) - A(s,zy,yt)}\) ds 
< aK w \h\r\h k \ r K n \y\ T + K 6 \h\ r c^ k \y\r 2 + (L + K 4 K )\h k \ r AL 5 Nf\h\ r \y\ r 
+Nn 2 , T ((L + l)|/i fc |r)(iVi + l) 2 |/i|r|y|r 

z h {u k {s)) - z h (u(s))\dsK 6 \y\ r + aN 2 \h\r 2 K w \h\ T \y\ T 



+ 



< c 6jfc |/i|r 2 |y|r 2 

with some appropriate sequence cq^ = CQ^kil) satisfying cq^ — > as k 
estimate we used (5.13). 

Simple manipulations give 

\[B k (s) - B(s)]((zlh e ,h^(zy,y e ,^)}\ 



(5.45) 

oo, where in the last 



< |[^22/(v fe ( S 



[^23/(v fe 

D 23 f(v(s 

[^24/(v fc 
[D 32 f(v k 

D 32 f(v(s 

[D 33 f(v k 
A»/(v(a 
D 33 f(v(s 
[^34/(v fe 
A34/(V(S 
[ J D42/(v fe 
[ J D43/(v fe 
^43/(v(s 
[^44/(v fe 

[D 3 f(v k (s) 



)-D 22 f(v(s))}(z^,zy)\ 
)-D 23 f( V (s))](z*,E k (s,zy,yt))\ 
ztE k (s,zy,yZ)-E(s,zy,yt)}\ 

)-D 24 f(-v(s))}(z*,y e )\ 
)-D 32 f(v(s))}(E k (s,z*,hZ),zy s )\ 



E k (s,z h s ^)-E{s,z h s ^), Z y)\ 
) ~ D 33 f(v( s ))](E k (s, zl hZ),E k (s, Z y,yt))\ 
E k {s,z h s ^)-E{s,z h s ^),E k {s,zy^))\ 
E(s, z s \ h?),E k { 8 , Z y,yt) - E(s, z\, /)) | 
)-D u f(v(s))}(E k ( S ,z^hZ),y e )\ 
E k {s,z^h^)-E{ S ,z^M),y e )\ 
)-D 42 f(v(s))}(h 9 ,zy s )\ 
)-D 43 f( V ( S ))](h e ,E k (s,zy,yZ)) 
h ,E k (s,zy,yt)-E(s,zy,yZ)) 
)-D u f(v( S ))}(h 9 ,y e }\ 
-D 3 f(v(s))]H k (s)((zlhZ),(zy,yZ))\ 



\D 3 f(v(s))[H k (s) - H(s)]{(z*,h*),(zy,yt))\. 
Define the set M| := {6} U{h e k : ke N}. Clearly, M 3 * C M 3 is a compact subset of 9. 



(5.46) 
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Define 

n 2,/(e) := . max sup\\D ij f(s,'tp,v,ri) - D ij f(s,tp,v,f})\ C 2 ( Y iX Y j ,Tit)- 

s G [0,a], t/j,ip £ M u v,ve M 2 , r},fj G M 3 *, 
1^ - + |v - u| + 1 7/ - r7| e < ej, 

where I2 := C ; ^3 := ^ n and I4 := 6. Assumption (Al) (vi) and the compactness of [0,a] x 
Mi x M 2 x M 3 * yields that fi 2 ,/(e) -> as e -> 0+. Then combining (5.46) with (4.19), 

IA,-/(v fc (*)) - Aj/(v(s))| £ 2(y. X Y ) . iK „) < ^ 2i/ (K 3 |%|r) for i,j = 2,3,4, | A/(v fc ( S ))| £ (y i>K n) < 

Li for i = 2,3,4, s € [0, a] and k G N , (4.15), (5.11), (5.38), (5.43), (5.45) and (5.46). yields 
(5.41) 

□ 



Lemma 5.13 Assume (Al) (i)-(vi), (A2) (i)-(vii), 7 G P 2 . Then there exists N 5 = N 5 (j) > 
such that the solution of the IVP (5.28) -(5.29) satisfies 

\w h >y(t)\<N 5 \h\ r \y\r, t€[-r,a], h,yeT. (5.47) 
Proof It follows from (5.28) and (5.29) that 

w ^v{t)= f B(s)((z^h d ,h^,(z y ,y e ,y^}ds + f L(s, s) («£'*, 0, 0) ds, te[0,a}. 
Jo Jo 

Therefore (4.11) and (5.40) yield 

\w h ' y (t)\ < K 12 \h\ r \y\r + LiNo f \w h s ' y \ c ds, te[0,a]. 

Jo 

Since w h > y (t) = for t G [-r, 0], Lemma 2.1 gives (5.47) with N 5 := K 12 e LlN ° a . □ 



Lemma 5.14 Assume (Al) (i)-(vi), (A2) (i)-(viii), (H). Forh,y G T 2 and k G N letw h ' y (t) := 
w(t,j,h,y) and w k > h ' y (t) := 10(4,7 + h k ,h,y) be the solutions of the IVP (5.28)-(5.29). Then 
there exists a nonnegative sequence c-j^ = c 7,k(l) such that 

\w^ h ' y -w^ y \ c <c 7 , k \h\r 2 \y\r 2 , te[0,a], h,yeF 2 . (5.48) 
Proof It follows from (4.11), (4.17), (4.26), (5.28), (5.40), (5.36) and (5.47) 
\w k ' h ' y (t)-w h ' y (t)\ 
< j*(\[L(s,x k )-L(s,x)](w k s > h > y A0)\ + \L(s,^ 

+ J* (\B k (s) ((z k s > h , h\ h% (z k ' y - z y , 0, 0)) I + \B k (s) ((z k > h - z h s , 0, 0), {z\Jrf))\ 

+lB fc ( S )(( ^ ^/^^^),( ^ «y,^)>-B( S )((z^fe^/^€),(z^y^^))|)d S 
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< aco tk N 5 \h\r\y\r + / \x(u k (s)) - x(u{s))\ dsN 5 \h\ r \y\r 

Jo 

+L t N [ |^'^-^|c^ + 2aK 12 c life iV 1 2 |/ l | r |y| r + a C5ife |/ l | r | 2/ | r 
Jo 

< c 8tk \h\ r \y\ r + L ± N [ \ W k ^ - w^\ c ds, 

Jo 

where c 8jfc = c 8 ,k(l) ■= ac 0ik N n + LiL 2 (L + K 4 K )N 5 \h k \ r + 2aK 12 ci :k Nf + ac 5jfc . Then 
Lemma 2.1 is applicable, since \voQ h,v — w^' y \c = 0, and it yields (5.48) with cj )k := c 8yk e LlN ° a \J 

We define 

c^ 2/ (v( S ), v fc (s), V) := r» 2 /(v fe ( S ))^ - D 2 /(v(a))^ - L> 22 /(v( S ))(V, 4 - x a ) 

-D 23 /(v( S ))(V,x fc (n fe ( S )) - x(«(a))) - £> 24 /(v( S ))<Y>, 

WD3/ (v( S ),v fc ( S ), V ) := D 3 /(v fc ( a ))«-D3/(v(a))«-D32/(v( a ))(i;,a:5-x a ) 

-^/(v^K^VOO) -*(«(*))> -D u f(v(s))(v,h e k ), 

co D4f (v(s), v\s),r,) := D 4 f(v k (s)) V - D 4 f(v(s))r, - D 42 f(v(s)){r,,x k - x s ) 

-D 43 f(v(s))( V ,x k (u k (s))-x(u(s)))-D u f(v(s))( V ,h 9 k ) 

for s £ [0,a], ip £ C, v £W l and 77 G 6. 

The proof of the following lemma is similar to that of Lemma 5.8. 

Lemma 5.15 Assume (Al) (i)-(vi) and (H). Then 
1 f a 

lim sup / |w D2/ (s,x s ,x(u(s)),0,xJ,x fc (u fc (s)),0 + / i t^' h )Ms = O, (5.49) 

fc->oo |n|r|"fc|r Jo 

heT 



1 /" a 

, lim SUp iM il i / |wD 3 /(s,^,^Ks))^,^,^(« fc (s))^ + ^,^ fe (s,4'' l >^))l^ = 0, 
fc^oo |n|r|/ifc|r Jo 

her 

(5.50) 

anc? 

1 /" a 

lim sup / |w D4/ (s,x s ,x(u(s)),#,x!?,x fc (?/(s)), 9 + h e k ,h e k )\ ds = 0. (5.51) 

her 



Lemma 5.16 Assume (Al) (i)-(vi), (A2) (i)-(vii), (H), 7 G V and h k G T 2 for k G N. T/ien 
L( S , x fc )(^, tf) - L(s, x){z h s + w h s > h \ h e , h?) - B(s)((z^ h e , ht), (z^,h d k , 4)' 



= L(s,x)(q k > h ,0,0)+g k ' h (s), o.e. s€[0,a], (5.52) 
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where 



9 k As) := D 22 f(v( S ))(z k > h -z*,x k -x s ) + D 22 f(v(s))(ztp k s ) 

+D 23 f(v(s))(z k ' h - z h s ,x k (u k {s)) - x(u(s))) - D 23 f(v(s)){z*,g k (s)) 
+D 24 f(v(s))(z k ' h - z h s ,h e k ) + D 32 f(v(s)){E(s,z^h^p k ) 
+D 32 f(v(s)){E k (s, z k s >\ - E(s, z h s , ht),x k - x s ) 
+D 33 f(v(s))(E k (s, z k s >\ h?) - E(s, z h s , hZ),x k (u k (s)) - x(u(s))) 
+D 33 f(v(s))(E(s,z^h^g k (s)) + D 3 f(v(s))g k 4 ' h (s) 
+D u f(v(s)){E k (s, z k ' h , rf) - E(s, z h s , h?),h e k ) 

+A2/(v( S ))(/^^^}+Z)43/(v( S ))(/ i ^^( S ))+^D 2 /(v( S ),v fc ( S ),^) 
+u D3f (v( 8 ), v fc ( S ), E k (s, z k ' h , h*)) + WD4/ (v(s), v k (s), h e k ) 



L(s,x k )(z k ' h ,h e ,ht) - L{s,x){z h s +w^,h e ,ht) - B(s)((zZ,h e ,ht),(z^,hlhi)) 

= D 2 f(v k (s))z k s > h - D 2 f(v(s))z k s > h + D 2 f(v(s))(z k ' h - z h s - w h s > h ») 
+D 3 f(v k (s))E k (s, z k ' h , h?) - D 3 f(v(s))E k (s, z k s >\ }£) 

+D 3 f(v(s)) (E k (s, z k ' h , tf) - E(s, z h s , ft)) + D 4 f(v k (s))h d - D 4 f(v(s))h d 
-D 3 f(v(s))E(s, , 0) - B(s)((zt h e , (z^ , 

= D 2 f(v k (s))z k ' h - D 2 f(v(s))z k s > h - D 22 f(v(s))(z k ' h ,x k - x s ) 
-D 23 f(v(s))(z k ' h ,x k (u k (s)) -*(«(«))> -D 24 f(v(s)){z k '\h d k ) 
+D 2 f(v(s))q k > h + D 22 f(v(s))(z k s > h - z h s , x k - x s ) + D 22 f(v(s))(z^p k ) 
+D 23 f( V (s)){z k > h - z h s , x k (u k (s)) - x(u(s))) 

+D 23 f(v(s)){z^x k (u k (s)) - x(u(s)) - E{s,z h s ^h{)) + D M f(v(s))(z k > h - z h s ,h e k ) 
+D 3 f(v k (s))E k (s, z k > h , h*) - D 3 f(v(s))E k (s, z k >\ h?) 
-D 32 f(v(s))(E k (s,z k ' h ,h^,x k -x s ) 

-D 33 f(v(s))(E k (s, z k ' h , h^x k (u k (s)) - x(u(s))) - D 34 f(v(s))(E k (s, z k ' h , h^h 9 k ) 
+D 32 f(v(s)){E k (s, z k ' h , /»€) - E(s, z h s , h^),x k - x 9 ) + D 32 f(v(s)){E(s, z h s: h^),p k ) 
+D 33 f(v( s ))(E k (s, z k ' h , h*) - E(s, zt h% x k {u k {s)) - x(u(s))) 
+D 33 f(v(s))(E(s, zlht),x k {u k {s)) - x{u{s)) - E(s, z^,h{)) 
+D 34 f(v(s)){E k (s, z k ' h , h?) - E(s, z h s , h*), h 9 k ) 

+D 3 f(v(s))[E k (s, z k ' h , h*) - E(s, z h s , /»« ) - H(s)((zl ht), (z k ' h , h{)) - E(s, w^,0)] 
+D 4 (v k (s))h 9 - D 4 {w{s))h e - D 42 f(v(s))(h 9 ,x k - x a ) 
-D 43 f(v(s))(h e ,x k (u k (s))-x(u(s)))-D 44 f(v(s))(h e ,hi) 
+^42/(v( S ))(/^^pJ) + ^)43/(v( S ))(/ ^ ^x fc ( U fc ( S ))-xK S ))- J B( S ,^^,/^i)}, 



satisfies 




(5.53) 



Proof Straightforward manipulations yield for a.e. s G [0, a] 
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which implies (5.52), using (5.21) and (5.34). Let L 3 = L 3 (a, M 1 , M 2 , M 3 ) be defined by (Al) 
(iv). Then (Al) (iv), (3.2), (4.16), (4.18), (4.25), (5.11) and (5.38) yield 



[ a \9 k 5 h (s)\ds 
Jo 



< aL 3 c ljk Ni\h\rL\h k \r + aL 3 Ni\h\ r max \p k \ c + aL 3 c lik N 1 \h\ r K 2 \h k \r 

se[0,a] 

pa 

+L 3 Ni\h\ r / \g 1>k (s)\ds + aL 3 c l!k Ni\h\r\h k \r + aL 3 K 8 \h\r max \p k s \ c 

Jo se[0,a] 

+aL 3 c 3yk \h\ T L\h k \ T + aL 3 c 3>k \h\ r K 2 \h k \ r 

pot f'd 

+L 3 K 8 \h\ r / \gi,k(s)\ds + Li / \g 3 k (s)\ ds + aL 3 c 3 , k \h\ r \h k \ T 
Jo Jo 

pa pa 

+L 3 \h\ T max \p k \ c + L 3 \h\ T / \gi, k (s)\ds + / \u D2f (v(s), v k (s), z k s ' h )\ ds 
se[0,a] Jo Jo 

+ f |^ 3/ (v( S ), v fe ( S ), E k (s, z k > h , ht))\ds + f | WD4 /(v( S ), v fc ( S ), h{)\ds. 
Jo Jo 

Hence c ltk -> 0, c 3jfc ->• as fc -»• oo, (5.18), (5.22), (5.33), (5.49), (5.50) and (5.51) imply (5.53). 

□ 

Now we are ready to prove the main result of this section. 

Theorem 5.17 Assume (Al) (i)-(vi), (A2) (i)-(vii). Then for t G [0, a] the maps 

v 2 d (P 2 n r 2 ) M n , 7 ^x(t, 7 ) 

and 

r 2 d (P 2 n r 2 ) c, 7 ^x t (-, 7 ) 

are toice differentiable wrt 7 /or every 7 G P 2 n T 2 n P, and 

D 22 x(t,j)(h,y) =w h >y(t), h,yeT 2 , 

and 

D 22 x t {-,j)(h,y) = Wt' y , h,yeT 2 , 

where w h ' y is the solution of the IVP (5.28)-(5.29). Moreover, if in addition, (A2) (viii) holds, 
then the maps 

RxT 2 D (JO, a] x (F 2 nr 2 nP)) ^C 2 {T 2 xr 2 ,R n ), (t, 7 ) ^D 22 x(t,j) 

and 

Rxr 2 D ([o,a] x (F 2 nr 2 np)) -> c 2 {v 2 x r 2 ,c), (t, 7 ) ^D 22 x t (-,7) 

are continuous. 

Proof It follows from Theorem 4.7 that D 2 x(t, 7) G C(T, M. n ) exists for all 7 G P 2 and t G [0, a]. 

is the 



Since |/i| r < \h\r 2 for all /i G T 2 , it follows that D 2 x(t,j) G £(r 2 ,M n ), and D 2 x(t,j) 

T2 



r 2 



derivtive of the map T 2 D (P 2 nT 2 ) — >■ R n , 7 — > x(i, 7). For simplicity, the restiction of D 2 x(t, 7) 
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to r 2 will be denoted by D 2 x(t, 7), as well. Theorem 4.7 yields that D2x(t, j)h = z(t, 7, h), where 
z(t,7, h) is the solution of the IVP (4.13)-(4.14) for h G F 2 . 

Let 7 G P 2 n T 2 n V be fixed, = (ti£,h? k ,hl) G T 2 (fe G N) be a sequence such that 
7 + hjfe G P 2 for fe G N, / /i = (/^, ^) G T 2 . Let x(t) := x(t, 7) and x k {t) := x(t, 7 + h k ) 
be the solutions of the IVP (1.1)-(1.2), z h (t) := D 2 x(t,j)h and z k ' h {t) := D 2 x(t,-f + h k )h be 
the solution of the IVP (4.13)-(4.14), and w h ' hk (t) be the solution of the IVP (5.28)-(5.29) 
corresponding to parameters h and h k - Then we have for t G [0, a] 



z k > h (t) = h v (0)+ f L(s,x k )(z k / l ,h e ,ht)ds, 
Jo 

z h (t) = hf(0)+ [ L(s,x)(z^,h d ,h^ds, 
Jo 

rt 



w h ^(t) = j (L( S ,z)K^,0,0) + i?( S )((^,/ l 9 ,/ l «),(^,^,/ l |)))d S . 

Hence Lemma 5.16 and the definition of q k,h give 

q h >\t) = ^[L( S ,x k )(z k s '\h e ,h^-L( S ,x)(z^ + w^,h e ,h^ 
-B{ S )^zth e ,h^{z h s \hlhi)))ds 

= f gt' h {s)ds+ f L(s,x)(q k s '\0,0)ds, te[0,a], 
Jo Jo 

so (4.11) yields 

|«* >h (*)|< f\ 3 t' h {s)\ds+ f \L{s,x){q k s >\0Mds < Hg^is^ds + L.No f\q k Acds, 
Jo Jo Jo Jo 

for t G [0, a]. Using that q k > h (t) = for t G [— r, 0], Lemma 2.1 implies 

\q k ' h (t)\ < \q k > h \ c < m ^ \g k ' h (s)\ds, t G [0,q], 

Jo 

where N x := e LlN ° a . Therefore (5.53) yields for t G [0,a] 

v JS^JL^V ^' h \c , v Ni f.^Mu n 

hm sup — — — — < hm sup — — — — < hm sup — — — — / \g 5 ' (s) \ ds = 0, 

fe^oo h ^o \n\r 2 \hk\r 2 mo |/i|r 2 |"fc|r 2 k ^°° h ^o |n-|r 2 l^fc |r 2 Jo 



her 2 her 2 her 2 



which completes the proof of the second-order differentiability wrt parameters. The continuity 
of D 22 x(t,j) follows from Lemma 5.14. □ 



We note that the method used in this section to prove the existence of the second order 
derivative D 22 x(t, 7) can not be used to prove the existence of the third order derivative, since 
some parts of the proof relied on the assumption that the parameter 7 satisfies the compatibility 
condition 7 G V. The key step to show the existence of higher order derivatives is to get rid of 
this assumption in the proof of Theorem 5.17. 
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